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Abstract

In this paper, we study the asymptotic behavior of the number of rarely visited edges
(i.e., edges that visited only once) of a simple symmetric random walk on Z. Let a(n) be
the number of rarely visited edges up to time n. First we evaluate E(a(n)), show that
n — E(a(n)) is non-decreasing in n and that ngrme(a(n)) = 2. Then we study the

asymptotic behavior of P(a(n) > a(logn)?) for any a > 0 and use it to show that there

exists a constant C' € (0, +00) such that limsup o) - O almost surely.

5 =
n—-+00 (logn)
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1 Introduction and the main results

Let (©2,.7,P) be a probability space, {5, },>0 be a simple symmetric random walk on Z with
So =0. Let X, := S, — Sp—1,m > 1. Then {X,,n > 1} are iid. with P(X; =1) = P(X; =
-1) =1

For y € Z, we use £(y,n) := #{0 < k <n: S, =y} to denote the time spent at y by {5 }m>o0
up to time n. Here and throughout this paper, #D denotes the cardinality of the set D. A site
x € Z is called a favorite (most visited) site of {S,,}m>0 up to time n if

£(z,n) = rgggf(y,n)-
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For y € Z, we use (y,y + 1) to denote the edge between the sites y and y + 1. The numbers
of upcrossings and downcrossings of y € Z by {S,,}m>0 up to time n > 1 are defined by

LY (y,n) =#{0<k<n:Se=9y,S1=y— 1},
LP(y,n) =#{0<k<n:Sy=vy,S 1 =y+1}.

We set
L(y,n) == LY(y+ 1,n) + L (y,n).

Then L(y,n) is the number of times that {S,,}m>o visits the edge (y,y + 1) up to time n. An
edge (z,z + 1) is called a favorite edge of {S,, }m>0 up to time n if

L(z,n) = sup L(y,n).
YyEL

The study of favorite sites of random walks was initiated by Erdés and Révész [5]. Since then,
this topic has been intensively studied, see Bass [1], Bass and Griffin [2], Ding and Shen [3], Erdés
and Révész [6, 7], Hao [8], Hao et al. [9, 10], Shi and Téth [14], Toth [16], Toth and Werner [17]
and the references therein.

A site x € Z is called a rarely visited site of {S,,}m>o up to time n if £(z,n) = 1. Compared
to favorite sites, there are only a few papers on rarely visited sites, see Major [11], Newman [12]
and Téth [15]. Following Révész [13], we use fi(n) to denote the number of rarely visited sites
up to time n, i.e.,
filn) =#{z € Z : &{(x,n) = 1}.
Newman [12] proved that E(fi(n)) = 2, for all n > 1. Major [11] proved that there exists a
constant C' € (0, 00) such that lim sup -0

2
n—-+00 (log n)

= (' almost surely.

An edge (x,x + 1) is called a rarely visited edge of {S,,}m>0 up to time n if L(x,n) = 1. So
far it seems that no one has studied rarely visited edges. The purpose of this paper is to study
the asymptotic behavior of the number of rarely visited edges. Define

A, = {{z,x+ 1)|L(x,n) =1}, a(n):=#A,, n>1. (1.1)

Then A, is the collection of all the rarely visited edges of {S, }m>0 up to time n, and a(n) is the
number of rarely visited edges of {S,,;}m>0 up to time n. The main results in our paper are as
follows:

Theorem 1.1. (i) E(a(1)) =1 and for alln > 1,
E(a(n = E(a(n)), if n is odd,
_ (=Dt (1.2)
E(a(n = E(a(n))+2- e W n s even.
(ii) lim E(a(n)) = 2.
n—-+o0o

Theorem 1.2. For all a > 0 and € > 0, there exists an Ny = Ny(a,€) such that for all n > N,

n=2"° <P (a(n) > a(logn)?) < n=2*.
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Theorem 1.3. There exists a constant C' € (0, 00) such that

P (hmsup oln) _ C’) —1.

n—+oo (logm)?

From Theorem 1.1, we can see that, unlike the result that the expected number E(f;(n))
of rarely visited sites is equal to 2 for all n > 1, the expected number of rarely visited edges
E(a(n)) increases with n and lim,, ;. E(a(n)) = 2. Theorem 1.2 and Theorem 1.3 imply that
the asymptotic behavior of rarely visited edges is similar to that of rarely visited sites.

Remark 1.4. Related to the results above, we think the following open problems are worth study-
mg:

(1) What is the exact value of the constant C' in Theorem 1.37

(2) If {Sn}n>0 is an asymmetric simple random walk, i.e., P(X, = 1) # P(X; = —1), what is

the asymptotic behavior of rarely visited edges?

The rest of the paper is organized as follows. In Section 2, we give the proof of Theorem 1.1.
In Section 3, the proofs of Theorems 1.2 and 1.3 will be given.

2 Proof of Theorem 1.1

Without loss of generality, for the proof of Theorem 1.1, we can assume that
Q={w = (wo, w1, ws,...) :wy € Z, Yn >0, and |w, —w,—1| =1, Yn > 1}.

Let .# be the o-field on €2 generated by cylinder sets. For n > 0, x € Z and xg,x1,...,2, € Z
satisfying |z, — xx_1| = 1 for all k = 1,...,n, we define a probability measure P, on (§2,.%#) by

1

Po(w:wy = xo,w1 =X1,,...,Wp = Tp) := 2—n6x(x0).
Let

Sp(W) :=wp, Yn >0, Xq:= 95, X, =85, — S-1, Vn > 1.
Then under P,, {S,},>0 is a simple symmetric random walk on Z with Sy = z, and {X,,},,>1 are

i.i.d. random variables with

1
Py is the probability measure P of Section 1. We will use E, to denote the expectation with
respect to P,.



Proof of Theorem 1.1. (i) Obviously, we have Ey(a(1)) = 1.

Let &(n) be the number of rarely visited edges of the random walk {Sy,1 < k <n+1}. Since
X1, Xy, ..., X,y are iid., we have

Eo(@(n)) = Po(X1 = 1)Eo(a1(n)| X1 = 1) + Po(X1 = —1)Eo(a(n)| Xy = —1)
1

1 1 1
= SEi(a(n)) + 5B (a(n) = 5Eo(a(n)) + 5Eo(a(n) = Ega(n)).

Thus,

Eo(a(n+1)) — Eo( (n))
=[Eo(a(n +1); X1 = 1) + Eo(a(n + 1); Xy = —1)] = Eo(a(n))
= [Eq(a(n + 1); (o +1)=1,X = 1) +Eo(an+1):;L0,n+1) =2, X; = 1)
+Eo(a(n +1); L(0,n +1) > 3, X, = 1)]
+ [Eo(a(n+1); L(-1,n+1) =1, X; = -1)+ Eg(a(n+1); L(-1,n+ 1) =2, X; = —1)
+Eo(a(n +1); L(—1,n+ 1) > 3, X; = —1)] — Eg(a(n))
= [Eo(a(n) + 1;L(0,n+ 1) = 1, X; = 1) + Eo(a(n) — L L(0,n+ 1) = 2, X; = 1)
+Eo(@(n); L(0,n + 1) > 3, X, = 1)]
+ [Eo(a(n) + L, L(=1,n+1) =1,X; = —1) + Eg(a(n) — 1, L(~1,n + 1) = 2, X; = —1)
(n); L(=1,n+1) =2 3,X; = —=1)] = Eo(a(n))
n)) + [Po(L(0,n+1) =1, Xy =1) = Po(L(0,n + 1) = 2,X; = 1)]
[IP’O(L( Ln+1)=1X; =—1) = Po(L(—=1,n+1) =2, X; = —1)] — Eg(a(n))
=Po(L(0,n+1) =1,X; =1) = Py(L(0,n 4+ 1) = 2, X, = 1)]
+[Po(L(-1,n+1)=1,X; = —1) = Po(L(~1,n+ 1) =2, X; = —1)]. (2.1)

For w € , define
o(w) :=sup{0 <k <n+1,Sw) =1} (2.2)

Then

Po(L(O,n+ 1) = 1,X1 = 1) :Po(L(O,n+ 1) = 1,X1 = 1,0’ <n-+ 1)
+Po(L(O,n+1)=1, Xy =10 =n+1). (2.3)

We deal with Po(L(0,n+1) =1,X; = 1,0 < n+ 1) first. For any w € {L(0,n+1) =1, X, =
1,0 <n+ 1}, we define ' € Q by

;o wr, if 0<k<o(w),

Wi = { 2 —wy, if k>ow). (24)

For any w € {L(0,n+1) =1,X; =1,5 =0,0 <n+1}, wehave 1 < o(w) < n+1, So)t1(w) =2
and Sip(w) > 1 forall 1 <k < o(w). So Syy+1(w') = 0. Thus L(0,n + 1,w’) > 2. Suppose
that L(0,n + 1,w’) > 3. Since Sip(w') = Sp(w) > 1 for all 1 < k < o(w), there exists m,
o(w)+2 <m < n+1, such that S,,_;(w') = 0,5, (w) = 1. Then by (2.4) we get S,,—1(w) =
2, Sim(w) = 1, which contradicts the definition of o(w) in (2.2). Hence, L(0,n + 1,w’) = 2. Thus,

4



Wwoe{LO0,n+1) =2X; =1,5 = 0}. It is easy to see that the map defined in (2.4) is an
injection on the set {L(0,n+1) =1,X; =1,5, =0,0 <n+ 1}, so it is an injection from the set
{L(O,n+1)=1,X1=1,5 =0,0 <n+ 1} to the set {L(0,n+1)=2,X; =1,5 =0}.

For any w € {L(0,n+ 1) =2,5) =0,X; = 1}, we have 1 < o(w) < n+ 1 and there exists a
unique 7 (w) such that n+1 > 6(w) > 2 and
Sow)-1(w) =1, Ssw)(w) = 0. (2.5)

Obviously, o(w) # d(w). If 6(w) < o(w), then using So(w) = 0,5 (w) = 1, S5wy-1(w) =
1, S5(w)(w) = 0 and S,y (w) = 1, we get L(0,n + 1,w) > 3, which contradicts L(0,n + 1) = 2.
Hence, n +1 > 6(w) > o(w). If Syey+1(w) = 2, then, since Sz, (w) = 0, there exists m such
that o(w) +2 <m < &(w) and

Spn_1(w) = 2, Sp(w) = 1,

which contradicts the definition of o(w) in (2.2). Thus Sy()4+1(w) = 0 and 7(w) = o(w) + 1.
Therefore Sg(w) > 1 for all 1 < k < o(w), and Sk(w) < 0 for all o(w) +1 < k < n+ 1. Note
that Sp(w’) = 0, Sk(w') = Sk(w) > 1 forall 1 <k < o(w), and Sg(w') = 2 — Sk(w) > 2 for all
o(w)+1 <k <n+1. Thus L(0,n+1,w') = 1 and o(w’) = o(w) < n+1. It easy to see that the map
defined in (2.4) is an injection on the set {L(0,n+1) = 2,5, = 0, X; = 1}, so it is an injection from
the set {L(0,n+1)=2,5 =0,X; =1} to the set {L(0,n+1)=1,5=0,X; =1,0 <n-+1}.

Therefore we have shown that there is a one-to-one correspondence between the sets {L(0, 1+
1)=2,5=0,X;=1}and {L(0,n+1)=1,5,=0,X; =1,0 <n+1}. Thus

Po(L(0,n+1) =1,X; = 1,0 <n+1) = Po(L(0,n+1) = 2, X; = 1). (2.6)

Now we deal with Po(L(0,n+1) =1,X; =1,0 =n+ 1). Note that

Po(L(O,n+ ].) = ]_,Xl = ]_,O' =n+ 1)
= Po(L(O,n—i— 1) = 1,X1 = 17Sn = 278n+1 = 1)
=Py(X1 =1)P(S;>1, 1<j<n+1,54 =1X;=1)

1

Combining (2.3), (2.6) and (2.7), we get
IED()(L(O,TZ + 1) = 17X1 = 1)
1
=Py(L(0,n+1)=2,X;=1)+ EIP’O(Sj >0,0<j<n,S,=0). (2.8)

Similarly, by the symmetry of {S,}mn>0, we have

]P)()(L(—]_,TZ + 1) = 17X1 = —]_)

1
=Po(L(~1,n+1) =2,X = —1) + -Py(5; < 0,0 < j <n, 5, =0)



1

Hence, by (2.1), (2.8) and (2.9), we have
Eo(a(n+1)) — E¢(a(n)) =Po(S; > 0,0 < j <n,S, =0). (2.10)

When n is odd, we have

When n is even, we will use the reflection principle to deal with FPy(S; >0, 0 < j <n,S, =0).
For x € Z, let
o, :=1inf{n > 0,5, = z}. (2.12)

For n > 2, we have
Py(S, =0) =Po(S, =0,0_1 >n) +Py(S, =0,0_1 <n). (2.13)
For w € Q, we define w” € Q2 by

1" { -2 — wg, OSkSU—l(W>7

G Wk, k>o_1(w). (2.14)

It is easy to see that the map defined in (2.14) gives a one-to-one correspondence between the set
{So=0,5,=0,0_1 <n}and {Sy = —2,5, = 0}. Hence,

P()(Sn = 0, 0_1 S Tl) = Pfg(Sn = 0) (215)
Thus by (2.13) and (2.15) we have

:]PO Sn = 0) — Po(sn = 0,071 S 77,) = PO(Sn = 0) — ]P),Q(Sn = 0)
n\ 1 n \ 1 (n—1)N
- - _ ) B S A 2.16
() 7 (—) 7~ o (2.16)

Hence, by (2.10), (2.11) and (2.16), we obtain
E(a(n +1)) = E(a(n)) = Eo(a(n +1)) = Eo(a(n))
. 0, if n is odd,

" (n+2)>

(
]P)()(Sj >0, OS]SH,STLIO) :PQ(SnIO,U_l >n)
(

if n is even.
(ii) By (i) and the Taylor expansion of v/1 — x,z € [—1, 1], we get

Jim E(a(n+1)) = E(a(1)) + lim > [E(a(k+1)) — E(a(k))]



3 Proofs of Theorems 1.2 and 1.3

Our proofs of Theorems 1.2 and 1.3 are inspired by Major [11]. First we use Kolmogorov’s 0-1

law to show that there exists a constant C' € [0, oo] such that lim sup (Sg(:?y = C almost surely.
n—-+00

The proof of this result is routine. However, it is not easy to show that C' € (0,+00), which is
the assertion of Theorem 1.3.

Proposition 3.1. If {f(n)},>1 satisfies 0 < f(n) < n and lim f(n) = +oo, then there exists

n——+0o

n—-+4o0o f(n)

C € [0,00] such that P (limsupM = C) =1.

Proof. Let o/(n) be the number of rarely visited edges of {Sk,k € [\/f(n),n]}. Then |a(n) —
o' (n)] < +/f(n). Thus

i M— imsu M =
? (s 5 e ) - .

a’(n)

(n)

Noticing that for any ¢ € [0, o0, {lim sup > c} is a tail event, by Kolmogorov’s 0-1 law, we

n—-+oo

get that, for any ¢ € [0, o0,

. o/ (n)
P e 5

Note that P (lim sup a/((g)) > O) = 1 and that {lim sup a/((s)) > c} decreases as ¢ increases. Define
n——+00 n——+o0o
c) = 1} )

If 0 < ¢* < oo, we can choose a decreasing sequence {¢, }m>1 such that ¢,, > ¢*and lim ¢, =

> c) e {0,1}.

vV

/
c* = sup {c >0:P (limsup o’(n)
n——+o0 f(n)

m——+0oo
c*. Then we have
. o'(n) ) ( : { : o'(n) }>
P|limsup—— >c¢" | =P lim <limsup >
<n%+oo f(n) m=too ([ nroo f(1)
/
= lim P (lim sup o’(n) > cm) =0,
m—+00 n—+o0 f(n)
which implies that
: o'(n) )
P { lim sup <c) =1 3.2
( n—+00 f(n) ( )

In particular, if ¢* = 0, we have

P <hm sup ) _ o) ~ 1. (3.3)

n—s+o0o f (n)



If 0 < ¢ < +o0, we can choose an increasing sequence {c¢,}m>1 such that ¢, < ¢ and

lim ¢, = c*. Then

m—-+00
e @@ S p (i Limann €0
P (o 75 2 ) = (i, {752 )

/
= lim P (lim sup o/(n) > cm) = 1.
m—-+00 n——+o00 f(n>

In particular, if ¢* = 400, we have

W)
g (lfﬂi‘:op Fn) ~ +°°> -

By (3.2) and (3.4), we know that if 0 < ¢* < oo, it holds

/
P (lim sup o(n) = c*) =1.

n—-+o0o f(n)

Combining (3.1), (3.3), (3.5) and (3.6), we always have
/
P (lim sup a(n) = c*) =P <lim sup o'(n) = c*) =1,

n—+o00 f(n) n—s+oo f(n)

where 0 < ¢* < +o0.

3.1 Some preparations

It follows from [11, Lemma 3, Remark 6] that

lim nP(S; >0forall0<j<mandS; <S,forall0<j<n)

n——+oo

1
= lim nP(0<S; <S,, forall0 <j<n)=-.

n——+00 s

It is well known (see, for instance, [4, Lemma 4.9.3]) that

P(S; #0,...,S59, #0) =P(S, =0).
By symmetry, we have

P(S; > 0, Son > 0) = %IP(SM ).
Since

]P(SlZO,...,SQnZO):P<SlZO,...,Sanlzo)
= 2P(S; =1,5,—5,>0,...,5, -5 >0)

8
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:2P(Sl > 0,...,Sgn > O),
we have

For k > 0, let ax(n) denote the number of subsets of A,, with exactly k elements. Then ay(n) =
(O‘(k")) for £ < a(n) and ax(n) = 0 for k& > a(n). The following lemma plays a key role in the
proof of Theorem 1.2.

Lemma 3.2. Let a > 0. If k ~ alogn as n — 400, then for any ¢ € (0,1/2), there exists
no = no(a, €) such that for all n > ny,

[(% —¢)logn]* <Eax(n) < [(% + ) log n)*.

For non-negative integers r and ¢, we define

Ci(t):={0< S, < Sy forall 0 <l <t}, 0<t<m;
Co(ryt) :={S, < S < Sy forallr <1<t} 0<r<t<n;
Cy(t) ={0< S < Siforall0 <l <t}, 0<t<m;
Di(t):={S < Siforall 0 <1<t} 0<t<m;
Do(r,t) :={S, < S forall r <1 <t}, 0<r<t<n.
o, . . . l'
Proposition 3.3. (i) tlg-noo tP(Cay(t)) = 35;
(i) lim_VE(D: (1)) = /2]

(i5i) lim /T —rP(Dy(r,t)) = 1/3/27.

t—r—+4oo

Proof. (i) Since

{Xt+1 = 1}ﬂ02(t) :{Xt+1 = 1,0< Sl SSt for all 0 < { St}
:{0<SlSSt<St+1,fOI'aHO<l§t}
={0< 5 <Spyforall0<l<t+ 1}y =Ci(t+ 1),

we have
P(Cy(t+ 1)) = P({Xos1 = 1} N Co(t)) = P(Xoss = 1P(Ca(t)) = %P(Cg(t)).
Thus by (3.7), we have

lim ¢P(Cs(t)) = lim 24P(Cy(t +1)) = %

t——+o0 t—-+o0



(i) Let St =8, — S, 1, k=0,1,...,t. Then {S!}o<p<; is a simple symmetric random walk
with S§ = 0. Thus

- - 2 1
m m
where m = t/2 or m = (t + 1)/2 and we used (3.9) in the second equality above. Thus, by
Stirling’s formula, we have

lim VtP(D,(t)) = \/2/7.

t—-+o0
(iil) Let §,§ =Sk —5S, k=0,1,2,...,t—r. Then {§Z}ogk§t4 is a simple symmetric random
walk with S5 = 0. Thus
~ ~ ~ 1 1 2m\ 1
P(Dy(r,t)) =P S, = —IP(Sy, =0) = = - —
( 2(7’, )) (Sl > O,SQ > 0, ,St > 0) 5 (SQ O) 9 <m>22m

where m = (t —r)/2 or m = (t —r —1)/2 and we used (3.8) in the second equaility above. Hence,
by Stirling’s formula, we have

lim vt — rP(Dy(r,t)) = 1//2m.

t—r—-+4o00

We define
A ={z>0|(z,2+1) e A,}, A, :={2<0/{(z—1,2) € A,}. (3.10)

Then there is a one-to-one correspondence between AT and the collection of rarely visited edges,
on the positive half-axis, of {S,,}m>0 up to time n. There is also a one-to-one correspondence
between A, and the collection of rarely visited edges, on the negative half-axis, of {S,,}m>0 up
to time n. Let a™(n) := #A7, a™(n) := #A,,. For k > 0, let a; (n) be the number of subsets of
Al with exactly & elements. Then o (n) = (a+l§")) for k < a*(n) and o (n) =0 for k > a™(n).
We define o, (n) similarly.

Proof of Lemma 3.2. For k£ > 2, it holds that

O‘;(n)l{kﬁa*(n)} = Z 101 (1) (1.52) Co iz gs) - C (e 1.31) D2 (o) »
0<j1<<jp<n-1

where 14( ) is the indicator function. Hence,

Eajf (n) = Z P(D1(j1)Ca(j1, J2)C2(J2, J3) - - Ca(fr—1, jx) D2k, 1))

0<ji<-<jp<n—1

= > P(D1(51))P(C2(j1, 32))P(C2(j2, 3)) - - - P(C2 (-1, k) )P(D2(jik, 1))

0<j1 < <ge<n—1

10



= > P(D1(51))P(C2(j2 — j1))P(Ca(ds — j2)) - - - P(Co(fik — Je—1))P(D2(ji, 1))

0<j1<<jp<n—1

(3.11)
Let j = 51,7 = jr — J1,¥i = Jiz1 — Ji» 1 <@ < k — 1. Then we have
Eaf (n)

n—1 n—

= | D BDi(G))P(Ds(j +7,m)) > P(Co(yn)P(Calye)) - - P(Calyer))

1
k—1 7=0 O<y;<r
yi+y2+-+yYg—1=r

T

T

(3.12)

It follows from Proposition 3.3 that there exists a positive constant ¢; such that for all integers
n,r>1land 7 >0withn—j5—r>1,

VIB(D1(5)) < e, n—j = rP(Da(j +1,1)) < 1.
Thus

Z P(D1(7)P(D2(j +7,n))

n—1—r

=P(Dy(r,n)) + Y P(Di(j))P(Da(j + r,m))

J=1

(%—)

n—1-—r

—c 1+Z\/7\/7

where ¢ = max{1, ¢}}. Since

(3.13)

n—

lim

1 r
n—r—-+oo
Jlfﬁ

n—1-—r

1
/ e V21— 2) Y2z = 7,

we know that
1 1

Z ) )
” /_J _J n—r
J=1 n—r 1 n—r

is bounded. Thus by (3.13), there exists a positive constant C' such that for all integers n,r > 1
with n —r > 1,

n—r>1

n_zfrIP’ P(Dy(j +7,n)) < C. (3.14)

Jj=0

11



Hence, by (3.12) and (3.14), we have

) <C sz:l Z P(Ca(y1))P(Ca(y2)) - - - P(Ca(yr-1))

0<y;<r
y1ty2+-typ—1=r

(k—1)(n—1)

<C > P(C2(y1)) P(Ca(y2)) - - - P(Ca(yk-1))

r=k—1 O<y;<r
y1ty2+-typ—1=r

=C Y P(Can)P(Calya)) - - P(Calyr1))

0<y;<n—1
1=1,2,...,k—1

—c (ij P(@(y») .

Combining Proposition 3.3 with Stolz’s theorem, we get that

LSRG L S PGE) Tn 1

n—s+o0 logn n—r+o0 22_11 1 logn 2
=ty

It follows that, for any e > O there exists Ni(e) such that for all n > Ny(e), S22 P(Cy(y)) <

y=1
(3 +¢)logn and l—logn < 1. Thus for all n > N (e), it holds that
2

Eoft(n) < C[(5 + &) logn)~ = - [(0

(L +e)logn—2 +e)logn]" < +e)logn]”. (3.15)
2

[(

DN | =
DN | —

Next, we bound Eajf (n) from below. Since k ~ alogn as n — +oo, we know when n

is sufficiently large, == > 1. Let 71 < 2,0 < j; — 51-1 < I =2,3,...,k. Then j, =

3k 3
Zf:Q(jl —Jie1) + 51 < 27” Hence, by (3.11), we have that

Ea; (n) > Z P(D1(j1))P(Ca(j2 — j1))P(Caljs — j2)) - - - P(Ca(fir — Jr—1))P(D2(jik, 1))

n
3k

= Y| BOG)PDG )

k—1<r<(k—1)4% | 0<i<%

n
3k 3

> P(Co(y1))P(Ca(y2)) - - - P(Calyr-1)) | - (3.16)

0<y; <& 1<i<k—1
Yy1+y2+-+yp_1=r

It follows from Proposition 3.3 that there exists a positive constant ¢y such that for all integers
n,r >1land j >0 withn—j7—r>1,

\/;IP(DK]')) > o, /n—j—1rP(Dy(j+17,n)) > co.

12



Thus

)

; 3
Z P(D1(§))P(D2(j +1,1)) > ¢ Z \/_ 3 Z Wﬁ

0<j<% 0<j<2 0<j<2

z~Y2dz = 2 implies that there exists a positive

1.3 _
which together with nl_1>rfoo 20<J<n wekk e fo

constant C' (independent of > 1) such that

> P(Di(j))P(Da(j +1,n)) = C. (3.17)

. n
0< <

Hence, by (3.16) and (3.17), we have

Eaj (n) >C > P(Ca(y1))P(Ca(yz)) - - - P(Ca(yr-1))

k—1<r<(k—1)2Z |O0<y; <2 1<i<k—1
3k
y1+y2+-typ—1=r
k—1

= P(Ca(y) | (3.18)

Combining the fact that £ ~ alogn as n — +oo with Proposition 3.3, we have

ZO<y< n P(Ca(y)) . Zowﬁﬁ P(Ca(y)) 20<y< n i . logsp 1

log 3¢ logn 2

It follows that, for any e € (0, 3), there exists Na(a,e) > Ni(e) such that for all n > Ny(a,e),
Zo<y<% P(Csy(y)) > (3 = %) logn which together with (3.18) implies that for all n > Ns(a,€),
—3

Eo;f (n) > C {(% - %)logn} o — {(% —¢) 10gnr. 10 {

Since by k ~ alogn as n — +00, we have

B %r—l 1
= +00.
—€ logn

N =[N =

lim {
n——+o0o
Hence, there exists N3(a,e) > Na(a,e) such that for all n > Ns(a,¢),

11,1

Eaf (n) > 5 {(5 —¢)log n] g (3.19)

By the symmetry of {S,,},>0, (3.10), (3.15) and (3.19), we obtain that for all n > N3(a,¢),

. [(% — &) log n] < Eay (n) = Eaj(n) < 3[(5 + ) logn]" (3.20)

13



Notice that at(n)a™(n) = 0. Hence

ax(n) = o (n) + a (n).

Thus, by (3.15), (3.19) and (3.20), for any € € (0, ), there exists no(a,e) = N3(a,¢) such that
for all n > ng(a, ¢),

[(% — &) log n} < Eax(n) = Eaf (n) + Boy (n) < (5 +¢) logn]*

3.2 Proof of Theorem 1.2

In this proof, C stands for a positive constant whose value may change from one appearance
to another. We prove the theorem in three steps.

Step 1: In this step, we will prove that, for all @ > 0 and £ > 0, there exists N;(a, &) such
that for all n > Ny(a,¢),
P(a(n) > a(logn)?) < n~2**.

Let k = [2alogn| and 0 < § < 1. By Markov’s inequality, Lemma 3.2 and properties of the
Gamma function, there exists n1(d) such that for all n > ny(d), we have

]P( (n) > a(logn) ) a(n) > |a (logn) J)
_p (ak(n) ( a(logn)?| Eag(n

La logn 2]

| /\

( + DI(| (logn) | —k+1)
I'(la(logn)?]| +1)
I'(2alogn + 1)I'(a(logn)? — 2alogn + 2)
['(a(logn)?)
= [%(1 + 6) logn)**°e™ . g (log n)? (a(logn)® — 2alogn + 1)
T'(2alogn + 1)I'(a(log n)? — 2alogn + 1)

< [5(1+8)logn]*-

BT

3.21
I'(a(logn)? +1) (3:21)
Then by Stirling’s formula, we have
P (a(n) > a(logn)?)
1
<C[5(1+6)logn]** " - (logn)*
(2a 10g n)2alogn+1/2 [CL(IOg TL) —%a 10g n] a(logn)?—2alogn+1/2
) [a(log n)?]* a(logn)2+1/2
9 a(logn)?—2alogn-+1/2
<C(1 + 8)%len . (logn)?/? ll - @} (3.22)

14



By Taylor’s expansion, we have

9 a(logn)?—2alogn+1/2
1 —
{ logn}

2
=exp { [a(logn)® — 2alogn + 1/2] log <1 - 10gn>}

2 _
=exp { [a(logn)® — 2alogn + 1/2] [—@ + O((logn) 2)} }
— exp {—2a(logn) + O(1)},
which together with (3.22) implies that for all € > 0,

P(a(n) > a(logn)?)
< C(1 +0)*e(log n)

N|©

-exp {—2a(logn)}
— 720 L exp {[2@ log(1+ ) —e]logn + glog(log n) + C’} :

Hence, for any fixed e > 0, there exists 0 < 8;(g) < 3 such that for all § < &;(¢), 2alog(1+6)—¢ <
0. Thus we have lir+n exp{[2alog(1 + &) — €]logn + 2log(logn) + C'} = 0. Therefore, for any
n—-+0oo

d € (0,01(¢)), there exists Ny(a,e) > ny(9) such that for all n > Ny(a,e),

P(a(n) > a(logn)?) < n~2**. (3.23)

Step 2: Let 0 € (0,3), a = a(l+26),d = 2a, k= |2alogn] = |dlogn], ¥ = |d(1+ 0)logn],
and k" = [d(1 + 2J)logn]. In this step, we will prove that when n is sufficiently large,

Y Pla(n) =m) (Z) < %Eak/ (n) (3.24)
m>a(logn)?
and .
Y Pla(n) =m) (Z”L) < SEap(n). (3.25)

m<a(logn)?2

We will only give the proof of (3.24). The proof of (3.25) is similar.

(i)
()

For any m > k", decreases as m increases. Thus

INA
=
2
S
I
3
S~—
VR
3
N~
—~
E
=8
S
N7



L&(lolfl n)2J)
S EO&k// (n) W .

(3.26)

By Markov’s inequality, Lemma 3.2, properties of the Gamma function, there exists ns(d) such
that for all n > ny(0),

Eayr (n) ([a(lokg/n)zJ)
Eag (n) (L&(lcs;ln) J)

_ B+ ) logn] T+ DI(lallogn)?] — ¥ +1)

=[50 = ) logn]¥  T(K + DI([a(logn)?] — K +1)

[%(1 + %) log n]d(1+20) logn T(d(1 4 26) logn + 1)T(a(logn)? — d(1 + 26) logn + 2)

= [3(1 — 63) log n]d(1+0) logn—1 . ['(d(1+0)logn)T'(a(logn)? — d(1+ d)logn)
B [%(1 + (')‘3) log n]d(1+25) logn
1

= b( B 53) IOg n]d(l—i—é) logn—1

-[d(1 + 6)log n][@(logn)® — d(1 + &) logn][a(logn)* — d(1 + 28) logn + 1]

(d(1 +26)logn + 1)T'(a(logn)* — d(1 + §)logn + 1)

'(d(1+0)logn + 1)'(a(logn)? —d(1 +0)logn + 1)

[%(1 +53) IOgTL] (1426) logn
(1 — 03) log nd(1+9) logn—1
14+ 25) 10g TL) (1+29) logn+1/2(a<log n)Q _ d(l + 25) log n) a(logn)2—d(1426) logn+1/2

(1 + 5) log n)d(1+§) logn+1/2(—(1og n>2 _ d(l + 5) IOg n)a(logn)Q—d(l—‘r(S) logn+1/2

(1 + 53) (14-26) log n <1 + 25) (146) logn (1 _ déllo;g?i))&(lognﬁ—d(l-i-%)logn+1/2

( 53) (1+9) logn 14+46 (1 _ M)&(lognﬁ—d(l—i—é) logn+1/2
alogn

(logn)”

i
L
(d

< O(logn)®

(3.27)

By Taylor’s expansion, we have

A0 +20)\ G(log n)®—d(1+2) log n-+1/2
alogn

—exp { a(logn)* — d(1 + 26)logn + 1/2] log (1 _ %g?j)) }
= exp { [a(logn)? — d(1 +28)logn + 1/2] {_d(;l%gif)

=exp{—d(1+2§)logn + O(1)}.

+ O((logn)_Q)} }

Similarly, we have

) d(1+6)\* a(logn)?—d(1+6) log n+1/2
alogn

= exp{—d(1 + &) logn + O(1)},

1425 d(1+9) logn
( T35 ) =exp {d(1 + 0)[log(1 + 26) — log(1 + ¢)] logn}
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~exp {d(l +6)(5 — 252 +O(5%) logn}

_ { <d5 - %52 + 0(53)) logn} :

= exp {d(1 + 20) log(1 + 6°) logn — d(1 + ) log(1 — 6°) logn}

and

(1 +53) (1+26) logn
( _53) (1+96) logn

= exp{O(6*)log n}.
Combining the four displays above with (3.27), we get

Eawr(n) (“06™)
Eag (n) (Lt‘z(l%g”n)ﬂ)

<Cllogn)® - exp{O(5") logn} - exp { (da S 0(53>> 1ogn} exp{—d(1 + 26) logn}

exp{—d(1+ ¢)logn}
<exp {— (g — O((S)) 6%logn + 6loglogn + (J} .

So there exists d2(d) > 0 such that for all § < d»(d), we have & — O(d) = a — O(d) > 0. Thus we
have \aog )2
L Bagn) (M)

n——+oo Eak’(”) . (Ll_l(lc])cgl;ln)ﬂ)

Combining this with (3.26), we get that, for any fixed 6 € (0,02(d)), there exists No(d) > ns(0)
such that for all n > Ny(d),

— 0. (3.28)

m AT : (log/n) .
> ptatn =) < Bt G b < S

m>a(logn)?
Step 3: In this step, we will prove that when n is sufficiently large,

P(a(n) > a(logn)?) > n~2*"*.

By Markov’s inequality, Lemma 3.2 and properties of the Gamma function, there exists ng(J)
such that for all n > ng3(9),

Eak/(n)
(L@(lol;g/n)ﬂ)
z[%(l _ §)logn]F L+ 1)({2%()(;05)7? ] 1)1« +1)
1 (148)logn—1 L (d(1 + &) log n)T"(a(log n)? — d(1+ 6)logn)

2[5(1 — 6)log n]? I'(a(logn)?+1)

17



1 -
2[5(1 — 0) log n]41+9een=1149(1 4 §)logn] " [a(logn)® — d(1 + &) log n] '

['(d(1+6)logn + 1)T'(a(logn)® — d(1+6)logn + 1)

I'(a(logn)? + 1)
>C[=(1 = §) log ]+ (Jgg 1)~
(d(l + 5) log n) (1+9) 1og+1/2( (log n)Z _ d(l + 5) log n) a(logn)2—d(1+4) logn+1/2

’ (@(log n)2)allogn)>+1/2
1-6 )d(1+5) logn < d(l +5> a(logn)2—d(1+4) logn-+1/2
10 - —) |

DN | —

(3.29)

>C(logn)™"" (1 + 26

By Taylor’s expansion, we have

- d( + 5) a(logn)?—d(1+68) logn+1/2
alogn

alogn

:exp{[a(logn)z—d(1+5)logn—|—1/2 ( d(1+ ) )}

alogn
= exp { [a(logn)® — d(1 + &) logn +1/2] { a1 ) + O((logn)~ 2)} }
=exp{—d(1+0)logn+ O(1)}

and

1—4§ (1+9) logn
(1 n 25) = exp {d(1 + 0)[log(1 — &) — log(1 + 26)] log n}

=exp {d(1+ 0)(—30 + O(6%))logn}
=exp {d(—36 + O(6)) logn} .
Combining the two displays above with (3.29), we get that for any € > 0,

Eak/ (n)

(L@(lolin)QJ)

>C(logn)~"* - exp {d(—35 + O(5%)) logn} - exp {—d(1 + &) logn}

=059 cexp { € - Jlogllogn) + (¢~ 44 + O(3*) logn .

For any ¢ > 0, there exists d3(g) > 0 such that ¢ — 4d§ + O(6%) > 0 for all § < d3(g). Thus
lim exp {C — Iloglogn + (¢ — 4dd + O(6?)) logn} = +oo. Hence, for any § € (0,d3(c)), there

n—-+0o

exists N3(0) > ns(d) such that for all n > N3(6),

Eak/(”) —(d+e) _ q, —2a—¢
(L‘_l(k)I;TZJ) > 3n =3n . (330)

Let § = s min{d;(¢), d2(d), d3(¢)}. By the analysis above, we know that there exists N(a,¢)
such that for all n > N(a,¢), (3.23), (3.24), (3.25) and (3.30) hold and a(logn)? — a(logn)? =
2ad(logn)? > 1. Hence,

P(a(n) > a(logn)?)

18



> Z P(a(n) =m)

a(logn)?2<m<a(logn)?

>y Y Raw =)

K ) a(logn)2<m<a(logn)?

- loin y Eak/(n)—m>‘£n)2]}"(a(n)—m)(Z)—m<a(10gn P(a(n)—m)(::)
21 Eay (n) R (3.31)

§ (Laookgnm)

Hence, by (3.23) and (3.31), we obtain that for all n > N(a,¢),
n=27* <P (a(n) > a(logn)?) < n=2+.

O

Remark 3.4. From the proof of Theorem 1.2, we know that the key is that Lemma 3.2 holds for
Eax(n). By (3.20) we know that Ea;f (n) satisfies a similar inequality as Eay(n). So by following
the proof of Theorem 1.2, we can get the same conclusion for Ea™(n), i.e. for all a > 0 and
e > 0, there exists an Ng = No(a, ) such that for all n > N

n=?" <P (at(n) > a(logn)?) < n>**=.

3.3 Proof of Theorem 1.3

Step 1. First we deal with the upper bound of limsup,, %.

By Theorem 1.2, for all € > 0, there exists ny such that for all n > ng,
1
P <a(n) > (5 + ¢)(log n)2> < p~(F%)te — g mlme

It follows that

ZIP’ < & 5 +¢)(logn) ) < nfjllp <0z(n) > (% + 5)(1ogn)2) +n§;n-1—f < .

1
P (Iim sup a(n) < -
n——+00 (1Og TL) 2

+
v
[V
=}
YRS

-
3
DY)
3
—
2
S
l\D/-\
+
o
o
o
S
—
N——
|
—_

k=1 n=k
> () _1 ) _1
a(n a(n
Pl <—|=1lmPll < = =1. .32
(fgi&p (logn)? — 2) o (lﬂsﬁp (logn)? = 2 * 6) (3:32)



Step 2. In this step, we deal with lower bound of lim sup,,_, . (lg{é—’:l))z.

For k£ > 1, define
At (o2, 02 + k) = {2 > k*, z € .A”Lﬁk}

where o2 is defined in (2.12). Then we have

AT (042,002 + k) = {2 >k : At € (042,002 + k) 5.t. Sy = 2,841 = 2 + 1}
€ 0(Xo 41, Xopot2s -+ s Xopoth)-

Since o(p1)2 — op2 > 2k + 1, we get that { A" (0y2, 042 + k), k > 1} are independent.

We define S;*° := vott — So,5,0 <t < k. Then {gfk2}0§t§k is a simple symmtric random
walk with So** = 0. We denote A%+ (k) the counterpart of A in (3.10) for the random walk
{57 }o<i<k- Then we know that #A* (042, 042 + k) and #.A%2% (k) have the same distribution.
Remark 3.4 tells us that Theorem 1.2 also holds for #.A%2 (k). Hence, for all £ € (0, 1), we have

ZP (#A+(O'k2,0k2 + k) > (% — 5)(10g k)Z)
k=1
= Z]P’ (#jlak%'i‘(k) > (% —¢)(log ]{7)2)

ko
~ 1
> S B (#4001 > (- 2)loghY?) + S e o
k=1

k=ko+1

Then, by the Borel-Cantelli lemma again, we get
1
P (#A+(0k270k2 + k’) > (5 - E)(lOg k)2,i.0.) = 1,
which together with the fact that # A% (042,042 + k) < a™ (042 + k) implies that

P <a+(0k2 +E) > (% — o)(log k:)Q,i.o.) > P(# A (0, o + k) > (% ) (log k)% i0) = 1.

Since P( lim 23 =0) = 1, we have

P ({oﬁ(o—kg k) > (% — 2)(log k)Q,i.o.} {ngglm% _ o}) _ 1 (3.33)

For any w € {a (o042 + k) > (5 — ¢)(logk)?,i.0.} N { lir}rq %2 = 0}, there exists k;(w) — 400,
n—-+0o0o
at(oy2+k;)

as j — +oo such that, for all j > 1, gk T
J

1 1.8 118
> 5 =6 0 < 5k5 and k; < k5. Thus

log(oyz + k)]~ llogloge + k)2 (logky)>  [log(oge + ky)J?

a(ox2 + k;) - a(opz +kj) (o2 +k;) (log k;)?

20



1 logk;)? 1-—2¢
> (= —5)( j8)2 = :
2~ (logks)? 128

Hence, we have

_ a(n)(w) _ .. a(oy2 + k) 1—2¢
lim sup 5 > limsup 5(W) > ———.
n—+oo (logn) jotoo [log(oye + kj)] 128

So by (3.33), we have
p (1 a(n) - 1—2¢ .
im su =1
n_>+oop (logm)? — 128

Thus we have

1 1-2
P ( lim Supﬂ > —— | = lim P ( limsup a(n) > °) = 1, (3.34)
n—too (logn)? = 128 =0+ n—+oo (logm)? 128

which together with (3.32) implies that

1 , a(n) 1
Pl{— <1 <-)=1 3.35
(128 = e (logn)? — 2) (3:35)

Hence, by Proposition 3.1 and (3.35), we know that there exists a constant C' € [ﬁ, %} such that

P (limsup aln) _ C) —1.

n—4o00 (10g n)2

O
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