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Abstract

We study the asymptotic behavior of the supremum Mt of the support of a super-
critical super-Brownian motion. In our recent paper (Stoch. Proc. Appl. 137 (2021),
1–34), we showed that, under some conditions, Mt −m(t) converges in distribution to
a randomly shifted Gumbel random variable, where m(t) = c0t− c1 log t. In the same
paper, we also studied the upper large deviation of Mt, i.e., the asymptotic behavior
of P(Mt > δc0t) for δ ≥ 1. In this paper, we study the lower large deviation of Mt, i.e.,
the asymptotic behavior of P(Mt ≤ δc0t|S) for δ < 1, where S is the survival event.
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1 Introduction

1.1 Super-Brownian motion

Let ψ be a function of the form

ψ(λ) = −αλ+ βλ2 +

∫ ∞

0

(
e−λy − 1 + λy

)
n(dy), λ ≥ 0,

where α ∈ R, β ≥ 0 and n is a σ-finite measure satisfying∫ ∞

0

(y2 ∧ y)n(dy) <∞.

ψ is called a branching mechanism. We will always assume that limλ→∞ ψ(λ) = ∞. Let
{Bt, t ≥ 0; Px} be a standard Brownian motion starting from x ∈ R, and let Ex be the
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corresponding expectation. We write P = P0 and E = E0. In this paper we will consider a
super-Brownian motion X on R with branching mechanism ψ.

Let B+(R) (resp. B+
b (R)) be the space of non-negative (resp. bounded non-negative)

Borel functions on R, and let MF (R) be the space of finite measures on R, equipped with the
topology of weak convergence. A super-Brownian motion X = {Xt, t ≥ 0} with branching
mechanism ψ is a Markov process taking values in MF (R). For any µ ∈ MF (R), we denote
the law of X with initial configuration µ by Pµ, and the corresponding expectation by Eµ.
We write P = Pδ0 and E = Eδ0 . As usual, we use the notation ⟨f, µ⟩ :=

∫
R f(x)µ(dx) and

∥µ∥ := ⟨1, µ⟩. Then for all f ∈ B+
b (R) and µ ∈ MF (R),

− logEµ
(
e−⟨f,Xt⟩

)
= ⟨Vf (t, ·), µ⟩, t ≥ 0, (1.1)

where Vf (t, x) is the unique positive solution to the equation

Vf (t, x) + Ex

∫ t

0

ψ(Vf (t− s, Bs))ds = Exf(Bt), t ≥ 0. (1.2)

The existence of such superprocesses is well-known, see, for instance, [8], [12] or [18].
It is well known that ∥Xt∥ is a continuous state branching process with branching mech-

anism ψ and that
P( lim

t→∞
∥Xt∥ = 0) = e−λ

∗
,

where λ∗ ∈ [0,∞) is the largest root of the equation ψ(λ) = 0. It is known that λ∗ > 0 if and
only if α = −ψ′(0+) > 0. X is called a supercritical (critical, subcritical) super-Brownian
motion if α > 0 (= 0, < 0). In this paper, we only deal with the supercritical case, that is,
we assume α > 0. Let Mt be the supremum of the support of Xt. More precisely, we define
the rightmost point M(µ) of µ ∈ MF (R) by M(µ) := sup{x : µ(x,∞) > 0}. Here we use
the convention that sup ∅ = −∞. Then Mt is simply M(Xt). Recently, in [19], we studied
the asymptotic behavior of Mt under the following two assumptions:

(H1) There exists γ > 0 such that∫ ∞

1

y(log y)2+γn(dy) <∞.

(H2) There exist ϑ ∈ (0, 1] and a > 0, b > 0 such that

ψ(λ) ≥ −aλ+ bλ1+ϑ, λ > 0.

It is clear that if β > 0 or n(dy) ≥ y−1−ϑ dy, then (H2) holds. Condition (H2) implies that
the following Grey condition holds: ∫ ∞ 1

ψ(λ)
dλ <∞. (1.3)

It is well known that under the above Grey condition, limt→∞ Pµ(∥Xt∥ = 0) = e−λ
∗∥µ∥.

Denote S := {∀t ≥ 0, ∥Xt∥ > 0}. It is clear that P(S) ∈ (0, 1). Define, for t ≥ 0,

Dt := ⟨(
√
2αt− ·)e−

√
2α(

√
2αt−·), Xt⟩.
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It has been proven in [17] that {Dt, t ≥ 0} is a martingale, which is called the derivative
martingale of the super-Brownian motion Xt, and that Dt has an almost sure non-negative
limit D∞ as t→ ∞. Assumption (H2) also implies that∫ ∞ 1√∫ ξ

λ∗
ψ(u) du

dξ <∞. (1.4)

Under (H1) and (1.4), D∞ is non-degenerate and

Mt

t
→

√
2α, P-a.s. on S, (1.5)

see [17, Theorem 2.4 and Corollary 3.2].
For any f ∈ B+(R), put

uf (t, x) := − logE
(
e−

∫
R f(y−x)Xt(dy);Mt ≤ x

)
, (1.6)

Note that uf only depends on the value of f on (−∞, 0]. Let H be the space of all the
nonnegative bounded Borel functions f on (−∞, 0] satisfying∫ ∞

0

ye
√
2αyf(−y) dy <∞. (1.7)

It has been proved in [19, Theorem 1.3] that under (H1)-(H2), for any f ∈ H, we have that

lim
t→∞

uf (t,mt + x) = wf (x), (1.8)

where

mt =
√
2αt− 3

2
√
2α

log t, (1.9)

and wf is a traveling wave solution of the F-KPP equation, that is, a solution of

1

2
wxx +

√
2αwx − ψ(w) = 0.

Moreover, wf is given by wf (x) = − logE
[
exp{−C̃(f)D∞e

−
√
2αx}

]
, with

C̃(f) := lim
r→∞

√
2

π

∫ ∞

0

uf (r,
√
2αr + y)ye

√
2αy dy ∈ (0,∞).

In the remainder of this paper, we write u(t, x) and w(x) for uf (t, x) and wf (x) respec-
tively when f ≡ 0.

1.2 Main results

In [19, Theorem 1.2], we proved the following upper large deviation results for Mt under
conditions (H1)-(H2):
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(1) For δ > 1,
lim
t→∞

√
teα(δ

2−1)tP(Mt >
√
2αδt) ∈ (0,∞);

(2)

lim
t→∞

t3/2

3
2
√
2α

log t
P(Mt >

√
2αt) ∈ (0,∞).

However, using the methods in [19], we could not get the asymptotic behavior of the lower
large deviation probability P(Mt ≤

√
2αδt|S) for δ < 1. The purpose of this paper is to

study the asymptotic behavior of the lower large deviation probability. To accomplish this,
we use the skeleton decomposition of super-Brownian motion and adapt some ideas from [7]
used in the study of lower larger deviations of the maximum of branching Brownian motion.

For branching Brownian motion, the asymptotic behavior of the maximal position, also
denoted by Mt, of the particles alive at time t has been intensively studied. To simplify
notation, we consider a standard binary branching Brownian motion in R, i.e., the lifetime of
a particle is an exponential random variable of parameter 1 and when it dies, it gives birth to 2
children at the position of its death. Bramson proved in [4] that P (Mt−m(t) ≤ x) → 1−w(x)
as t→ ∞, where m(t) =

√
2t− 3

2
√
2
log t and w(x) is a traveling wave solution. For the large

deviation of Mt, [5, 6] studied the convergence rate of P (Mt >
√
2δt) for δ ≥ 1. Recently,

Derrida and Shi [9, 10] studied the lower large deviation of Mt, i.e, the asymptotic behavior
of 1

t
logP (Mt ≤

√
2δt) for δ < 1, and found that the rate function has a phase transition at

1 −
√
2. In [7], Chen, He and Mallein studied the limiting property of P (Mt ≤

√
2δt) for

δ < 1. For more results on extremal processes of branching Brownian motions, we refer our
readers to [1, 2].

To maximize the possibility of Mt ≤
√
2δt for δ < 1, a good strategy is to make the first

branching time τ as large as possible. It was shown in [7] that, conditioned on {Mt ≤
√
2δt},

τ ≈ 1−δ√
2
t±O(1)

√
t when δ ∈ (1−

√
2, 1); τ ≈ t−O(1)

√
t when δ = 1−

√
2 and τ ≈ t−O(1)

when δ < 1 −
√
2. The asymptotic behaviors of P (Mt ≤

√
2δt) are different in these 3

different cases.
The intuition above also works for super-Brownian motion, but we need to use the first

branching time of the skeleton process, which is a branching Brownian motion. Put

q := ψ′(λ∗) > 0, ρ :=

√
1 +

ψ′(λ∗)

α
=

√
1 +

q

α
.

We also use τ to denote the first branching time of the skeleton process of super-Brownian
motion. We will prove that, conditioned on {Mt ≤

√
2αδt,S}, as t → ∞, τ ∈ [1−δ

ρ
t −

(log t)
√
t, 1−δ

ρ
t + (log t)

√
t] when δ ∈ (1− ρ, 1); τ ∈ t−

√
t
[
t−1/4, log t

]
when δ = 1− ρ and

τ ∈ [t − O(1), t] when δ < 1 − ρ. The asymptotic behavior of P(Mt ≤
√
2αδt|S) exhibits a

phase transition at δ = 1− ρ.
Now we state our main results.

Theorem 1.1 Assume that (H1) and (H2) hold. If δ ∈ (1− ρ, 1), then for any f ∈ H,

lim
t→∞

e2α(ρ−1)(1−δ)tt−3(ρ−1)/2E
(
e−

∫
R f(y−

√
2αδt)Xt(dy);Mt ≤

√
2αδt|S

)
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=
λ∗

eλ∗ − 1

a
3(ρ−1)/2
δ√
2αρ

∫ ∞

−∞
e−

√
2α(ρ−1)zA(wf (z))dz,

where aδ = 1− 1−δ
ρ

and

A(λ) =
1

λ∗
ψ(λ) + ψ′(λ∗)

(
1− λ

λ∗

)
≥ 0, λ ≥ 0.

Theorem 1.2 Assume that (H1) and (H2) hold. Then for any f ∈ H,

lim
t→∞

t−3(ρ−1)/4e(q+α(ρ−1)2)tE
(
e−

∫
R f(y−

√
2α(1−ρ)t)Xt(dy);Mt ≤

√
2α(1− ρ)t|S

)
=

λ∗

eλ∗ − 1

1√
2π

∫ ∞

0

s3(ρ−1)/2e−αρ
2s2ds

∫ ∞

−∞
e−

√
2α(ρ−1)zA(wf (z))dz.

Theorem 1.3 Assume that (H1) and (H2) hold. If δ < 1− ρ, then for any f ∈ B+
b (R),

lim
t→∞

√
te(q+αδ

2)tE
(
e−

∫
R f(y−

√
2αδt)Xt(dy);Mt ≤

√
2αδt|S

)
=

λ∗

eλ∗ − 1

[
1

2
√
πα|δ|

+
1√
2π

∫ ∞

0

e(q−αδ
2)s ds

∫
R
e
√
2αδzGf (s, z) dz

]
,

where

Gf (t, x) :=
1

λ∗

[
ψ(uf (t, x))− ψ(λ∗ + u∗f (t, x))

]
+ qvf (t, x), (1.10)

with vf , u
∗
f being defined in (2.6) and (2.7) below.

The reason that we assume f ∈ H in Theorems 1.1 and 1.2 is that (1.8) plays an important
role in the proofs of Lemmas 3.2 and 3.7. Lemma 3.2 is used in the proof of Theorem 1.1
and Lemma 3.7 is used in the proof of Theorem 1.2.

Let Cc(R)(C+
c (R)) be the space of all the (nonnegative) continuous functions with compact

support. Let MR(R) be the space of all the Radon measures on R equipped with the vague
topology, see [15, p.111]. Recall that for random measures µt, µ ∈ MR(R), µt converges in
distribution to µ is equivalent to ⟨f, µt⟩ converges in distribution to ⟨f, µ⟩ for any f ∈ C+

c (R).
See [15, p.119] for more details.

As a consequence of Theorems 1.1-1.3, we have the following corollary.

Corollary 1.4 Assume that (H1) and (H2) hold. Conditioned on {Mt ≤
√
2αδt,S}, Xt −√

2αδt converges in distribution to a random measure Ξδ. Moreover, for any f ∈ C+
c (R), if

δ ∈ [1− ρ, 1),

E
(
e−

∫
R f(y)Ξδ(dy)

)
=

∫∞
−∞ e−

√
2α(ρ−1)zA(wf (z))dz∫∞

−∞ e−
√
2α(ρ−1)zA(w(z))dz

; (1.11)

and if δ < 1− ρ,

E
(
e−

∫
R f(y)Ξδ(dy)

)
=

1√
2α|δ| +

∫∞
0
e(q−αδ

2)s ds
∫
R e

√
2αδzGf (s, z) dz

1√
2α|δ| +

∫∞
0
e(q−αδ2)s ds

∫
R e

√
2αδzG(s, z) dz

,

where Gf is defined in (1.10) and G(t, x) := G0(t, x).
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Proof: We consider the case of δ ∈ [1 − ρ, 1) first. For any f ∈ H and θ > 0, by
Theorems 1.1-1.2,

lim
t→∞

E
(
e−θ

∫
R f(y−

√
2αδt)Xt(dy)|Mt ≤

√
2αδt,S

)
=

∫∞
−∞ e−

√
2α(ρ−1)zA(wθf (z))dz∫∞

−∞ e−
√
2α(ρ−1)zA(w(z))dz

.

It has been proved in [19, Lemma 3.3] that limθ→0 C̃(θf) = C̃(0), which implies that
wθf (x) → w(x). Note that A(λ) is decreasing on (0, λ∗) and 0 ≤ wθf (z) ≤ λ∗. Thus us-
ing the monotone convergence theorem we get that

lim
θ→0

∫∞
−∞ e−

√
2α(ρ−1)zA(wθf (z))dz∫∞

−∞ e−
√
2α(ρ−1)zA(w(z))dz

= 1.

Thus, conditioned on {Mt ≤
√
2αδt,S},

∫
R f(y −

√
2αδt)Xt(dy) converges in distribution

for any f ∈ C+
c (R), which implies that Xt −

√
2αδt converges in distribution to a random

measure Ξδ with Laplace transform given by (1.11).
Similarly, using Theorem 1.3, we can get the result for δ < 1− ρ. 2

Throughout this paper we use C to denote a positive constant whose value may change
from one appearance to another. For any two positive functions f and g on [0,∞), f ∼ g as
s→ ∞ means that lims→∞

f(s)
g(s)

= 1.

2 Preliminaries

2.1 Skeleton decomposition

Denote by P∗
µ the law of X with initial configuration µ conditioned on extinction. It has been

proved in [3, Lemma 2] that (X,P∗) is a super-Brownian motion with branching mechanism
ψ∗(λ) = ψ(λ+ λ∗). Note that (ψ∗)′(0+) = ψ′(λ∗) = q > 0. So (X,P∗) is subcritical.

Let D([0,∞),MF (R)) be the space of all the right continuous functions w : [0,∞) →
MF (R), and D+

0 be the space of right continuous functions from (0,∞) to MF (R) having
zero as a trap. It has been proved in [13] that there is a family of measures {Nx, x ∈ R} on
D+

0 associated with the probability measures {P∗
δx

: x ∈ R} such that∫
D+
0

(
1− e−⟨f,wt⟩

)
N∗
x(dw) = − logP∗

δx

(
e−⟨f,Xt⟩

)
, (2.1)

for all f ∈ B+
b (R) and t > 0. The branching property of X implies that, under P∗

δx
, Xt is an

infinitely divisible measure, so (2.1) is a Levy-Khinchine formula in which N∗
x plays the role

of Lëvy measure. By the spatial homogeneity of Brownian motion, one can check that

P∗
δx

(
e−⟨f,Xt⟩

)
= P∗

δ0

(
e−

∫
f(x+y)Xt(dy)

)
, N∗

x

(
1− e−⟨f,wt⟩

)
= N∗

0

(
1− e−

∫
f(x+y)wt(dy)

)
.

It was shown in [3] that the skeleton of the super Brownian motion Xt is a branching
Brownian motion Zt with branching rate q = ψ′(λ∗) and an offspring distribution {pn : n ≥
2} such that its generating function φ satisfies

q(φ(s)− s) =
1

λ∗
ψ(λ∗(1− s)).
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We label the particles in Z using the classical Ulam-Harris notation. Let T be the set of all
the particles. We write ∅ for the root. For each particle u ∈ T , we write bu and σu for its
birth and death time respectively, Nu for the number of offspring of u, and {zu(r) : r ∈ [bu, σu]
for its spatial trajectory. v ≼ u means that v is an ancestor of u. Now we introduce the
three kinds of immigrations along the skeleton Z as follows.

1. Continuous immigration: The process IN
∗
is defined by

IN
∗

t :=
∑
u∈T

∑
(rj ,wj)∈D1,u

1rj<twj(t− rj),

where, given Z, independently for each u ∈ T , D1,u := {(rj, wj) : j ≥ 1} are the atoms
of a Poisson point process on (bu, σu]× D+

0 with rate 2βdr × dN∗
zu(r)

.

2. Discontinuous immigration: The processes IP
∗
is defined by

IP
∗

t :=
∑
u∈T

∑
(rj ,wj)∈D2,u

1rj<twj(t− rj),

where, given Z, independently for each u ∈ T , D2,u := {(rj, wj) : j ≥ 1} are
the atoms of a Poisson point process on (bu, σu] × D([0,∞),MF (R)) with rate dr ×∫
y∈(0,∞)

ye−λ
∗yn(dy)dP∗

yδzu(r)
.

3. Branching point biased immigration: The process Iη is defined by

Iηt :=
∑
u∈T

1σu≤tX
(3,u)
t−σu ,

where, given Z, independently for each u ∈ T , X
(3,u)
· is an independent copy of the

canonical process X issued at time σu with law P∗
Yuδzu(σu)

where, given u has n(≥ 2)
offspring, Yu is an independent random variable with distribution

ηn(dy) =
1

pnλ∗q

{
β(λ∗)2δ0(dy)1{n=2} + (λ∗)n

yn

n!
e−λ

∗yn(dy)

}
.

Now we define another MF (R)-valued process I = {It : t ≥ 0} by

I := IN
∗
+ IP

∗
+ Iη , (2.2)

where IN
∗
= {IN∗

t : t ≥ 0}, IP∗
= {IP∗

t : t ≥ 0} and Iη = {Iηt : t ≥ 0}, conditioned on Z, are
independent of each other. For any integer-valued measure ν, we denote by Pν the law of
(Z, I) when the initial configuration of Z is ν. We write P for Pδ0 .

For any µ ∈ MF (R), let Z be a branching Brownian motion with Z0 being a Poisson
random measure with intensity measure λ∗µ and I be the immigration process along Z.
Let X̃ be an independent copy of X under P∗

µ, also independent of I. Then we define a
measure-valued process Λ = {Λt : t ≥ 0} by

Λ = X̃ + I. (2.3)

We denote the law of Λ by Qµ. In particular, under Qδ0 , Z0 = Nδ0, where N is a Poisson
random variable with parameter λ∗. We write Q for Qδ0 . In the rest of the paper, we use
E, E∗ and EQ to denote the expectations with respect to P, P∗ and Q, respectively. The
following result is proved in [3].
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Proposition 2.1 For any µ ∈ MF (Rd), the process (Λ,Qµ) is Markovian and has the same
law as (X,Pµ).

Recall that Mt is the supremum of the support of Xt. Denote the supremum of Λt, It, Zt,
and X̃t by M

Λ
t ,M

I
t ,M

Z
t , and M

X̃
t , respectively. By (1.1), for any f ∈ B+(R),

Vf (t, x) = − logEδx
(
e−

∫
R f(y)Xt(dy)

)
, x ∈ R.

By the spatial homogeneity of X, we have

Vf (t,−x) = − logE
(
e−

∫
R f(y−x)Xt(dy)

)
, x ∈ R. (2.4)

Setting fθ := f + θ1(0,∞), we get

uf (t, x) = lim
θ→∞

Vfθ(t,−x), x ∈ R. (2.5)

For any f ∈ B+(R), put

vf (t, x) :=E
(
e−

∫
R f(y−x)It(dy);M I

t ≤ x
)
, (2.6)

u∗f (t, x) :=− logE∗
(
e−

∫
R f(y−x)Xt(dy);Mt ≤ x

)
. (2.7)

For f ≡ 0, we write v(t, x) and u∗(t, x) for vf (t, x) and u
∗
f (t, x), respectively. The relation

among uf , u
∗
f and vf is given by the following lemma.

Lemma 2.2 For any f ∈ B+(R), t ≥ 0 and x ∈ R,

uf (t, x) = u∗f (t, x) + λ∗(1− vf (t, x)).

Proof: Recall that under Q, Z0 = Nδ0, where N is Poisson distributed with parameter λ∗.
By the definition of Λ, we get that, for any t ≥ 0, x ∈ R,

e−uf (t,x) = E
(
e−

∫
R f(y−x)Xt(dy);Mt ≤ x

)
= EQ

(
e−

∫
R f(y−x)Λt(dy);MΛ

t ≤ x
)

= EQ

(
e−

∫
R f(y−x)X̃t(dy);M X̃

t ≤ x
)
EQ

(
e−

∫
R f(y−x)It(dy);M I

t ≤ x
)

= E∗
(
e−

∫
R f(y−x)Xt(dy);Mt ≤ x

)
EQ

([
E(e−

∫
R f(y−x)It(dy);M I

t ≤ x
]N)

= e−u
∗
f (t,x)eλ

∗(vf (t,x)−1).

Thus uf (t, x) = u∗f (t, x) + λ∗(1− vf (t, x)). 2

Now we give some basic relations among MZ
t ,M

Λ
t , M I

t and Mt.

Lemma 2.3 Under Q, given Λt, Zt is a Poisson random measure with intensity λ∗Λt, which
implies that MZ

t ≤MΛ
t , Q-a.s.

Proof: We refer the readers to the display above [3, (3.14)] for a proof. 2
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Lemma 2.4 Under P, MZ
t ≤M I

t , a.s.

Proof: First we claim that Q(MZ
t ≤M I

t ) = 1. In fact, for any x, by Lemma 2.3, we have

0 = Q(MZ
t > x ≥MΛ

t ) = Q(MZ
t > x,M I

t ≤ x,M X̃
t ≤ x)

= Q(MZ
t > x,M I

t ≤ x)Q(M X̃
t ≤ x).

Using the fact that Q(M X̃
t ≤ x) > 0, we get Q(MZ

t > x,M I
t ≤ x) = 0. Since x is arbitrary,

the claim is true.
Recall that under Q, Z0 = Nδ0, where N is Poisson distributed with parameter λ∗. Thus

0 = Q(MZ
t > M I

t ) ≥ Q[MZ
t > M I

t |N = 1]Q(N = 1) = P(MZ
t > M I

t )e
−λ∗ ,

which implies that P(MZ
t > M I

t ) = 0. 2

The following lemma implies that, to prove our main results, we only need to study the
limiting behavior of vf (t,

√
2αδt).

Lemma 2.5 For any f ∈ B+(R) and δ < 1,

lim
t→∞

E
(
e−

∫
R f(y−

√
2αδt)Xt(dy);Mt ≤

√
2αδt|S

)
vf (t,

√
2αδt)

=
λ∗

eλ∗ − 1
. (2.8)

Proof: We also use S to denote the survival event of Λ. It is clear that, under Q, S ⊂
{N ≥ 1} and Q(S) = Q(N ≥ 1) = 1− e−λ

∗
. It follows that S = {N ≥ 1}, Q-a.s. Then, by

Proposition 2.1,

E
(
e−

∫
R f(y−x)Xt(dy);Mt ≤ x|S

)
= EQ

(
e−

∫
R f(y−x)Λt(dy);MΛ

t ≤ x|N ≥ 1
)

=EQ

(
e−

∫
R f(y−x)X̃t(dy);M X̃

t ≤ x
)
EQ

(
e−

∫
R f(y−x)It(dy);M I

t ≤ x|N ≥ 1
)

=e−u
∗
f (t,x)EQ(vf (t, x)

N |N ≥ 1) = e−u
∗
f (t,x)

eλ
∗vf (t,x) − 1

eλ∗ − 1
. (2.9)

Since (X,P∗) is subcritical, we have, for any δ,

e−u
∗
f (t,

√
2αδt) ≥ P∗(∥Xt∥ = 0) → 1, t→ ∞,

which implies that e−u
∗
f (t,

√
2αδt) → 1, as t→ ∞. By (1.5), we have for any δ < 1,

E
(
e−

∫
R f(y−

√
2αδt)Xt(dy);Mt ≤

√
2αδt|S

)
≤ P(Mt ≤

√
2αδt|S) → 0.

Thus by (2.9), vf (t,
√
2αδt) → 0 for any δ < 1. The desired result follows immediately. 2

To study the behavior of vf (t,
√
2αδt) as t→ ∞, the following decomposition of vf plays

a fundamental role.
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Proposition 2.6 For any f ∈ B+(R), t > 0 and x ∈ R,

vf (t, x) = U1,f (t, x) + U2,f (t, x), (2.10)

where

U1,f (t, x) =E
[
e−

∫ t
0 ψ

′(λ∗+u∗f (t−r,x−Br)) dr, Bt ≤ x
]
, (2.11)

U2,f (t, x) =E

∫ t

0

e−
∫ s
0 ψ

′(λ∗+u∗f (t−r,x−Br)) drĜf (t− s, x−Bs) ds, (2.12)

with Ĝf (t, x) being defined by

Ĝf (t, x) =
1

λ∗

[
β(λ∗)2vf (t, x)

2 +

∫ ∞

0

(
eλ

∗vf (t,x)y − 1− λ∗vf (t, x)y
)
e−(λ∗+u∗f (t,x))y n(dy)

]
=

1

λ∗

[
ψ(uf (t, x))− ψ(λ∗ + u∗f (t, x)) + ψ′(λ∗ + u∗f (t, x))λ

∗vf (t, x)
]
. (2.13)

Proof: Let τ be the first splitting time of Z, that is τ = σ∅. By considering the cases τ > t
and τ ≤ t separately, we get

vf (t, x) = E
(
e−

∫
R f(y−x)It(dy);M I

t ≤ x
)

= E
(
e−

∫
R f(y−x)It(dy);M I

t ≤ x, τ > t
)
+ E

(
e−

∫
R f(y−x)It(dy);M I

t ≤ x, τ ≤ t
)

=: U1,f (t, x) + U2,f (t, x). (2.14)

By Lemma 2.4, U1,f (t, x) = E
(
e−

∫
R f(y−x)It(dy);M I

t ≤ x,MZ
t ≤ x, τ > t

)
. By the decom-

position of I in (2.2), on the event {τ > t}, we have that It = IN
∗

t + IP
∗

t . Thus using [3,
Lemma 3], we have that, on the event {τ > t}, for any x ∈ R,

E
(
e−

∫
R f(y−x)It(dy);M I

t ≤ x|FZ
t

)
= lim

θ→∞
E
(
e−

∫
R[f(y−x)+θ1(0,∞)(y−x)]It(dy)|FZ

t

)
= exp

{
−
∫ t

0

⟨ϕ(u∗f (t− s, x− ·)), Zs⟩ ds
}
,

where {FZ
t , t ≥ 0} is the natural filtration of Z and

ϕ(λ) := ψ′(λ+ λ∗)− ψ′(λ∗) = 2βλ+

∫ ∞

0

(1− e−λx)xe−λ
∗xn(dx). (2.15)

Note that, on the event {τ > t}, Zs = δz∅(s) and {z∅(s), s ≤ t} d
= {Bs, s ≤ t}. Thus

U1,f (t, x) = e−qtE
[
exp

{
−
∫ t

0

ϕ(u∗f (t− r, x−Br)) dr
}
;Bt ≤ x

]
= E

[
exp

{
−
∫ t

0

ψ′(λ∗ + u∗f (t− r, x−Br)) dr
}
;Bt ≤ x

]
. (2.16)

On the event {τ ≤ t}, the immigration process I has the following expression:

It =
∑

(rj ,wj)∈D1,∅

wj(t− rj) +
∑

(rj ,wj)∈D2,∅

wj(t− rj) +X
(3,∅)
t−τ +

N∅∑
i=1

I it−τ
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=: J1,t + J2,t + J3,t + J4,t, (2.17)

where, given Zτ , I
i, i = 1, · · · , N∅, are i.i.d copies of I under Pz∅(τ). Since, given FZ

t ,
Ji,t, i = 1, 2, 3, 4, are independent, we have

U2,f (t, x) = E
[
E
(
e−

∫
R f(y−x)It(dy);M I

t ≤ x|FZ
t

)
; τ ≤ t

]
= E [H1,tH2,tH3,tH4,t; τ ≤ t] , (2.18)

where
Hi,t = E(e−

∫
R f(y−x)Ji,t(dy);Ji,t(x,∞) = 0|FZ

t ), i = 1, 2, 3, 4.

Put fθ = f + θ1(0,∞). By the bounded convergence theorem, we have

Hi,t = lim
θ→∞

E
(
e−

∫
R fθ(y−x)Ji,t(dy)|FZ

t

)
. (2.19)

By the definition of D1,∅ and (2.19), we have that, on the event {τ ≤ t},

H1,t = lim
θ→∞

exp

{
−2β

∫ τ

0

∫
D+
0

(
1− e−

∫
R fθ(y−x)wt−r(dy)

)
N∗
z∅(r)(dw) dr

}
. (2.20)

Using (2.1), we get that

lim
θ→∞

∫
D+
0

(
1− e−

∫
R fθ(y−x)wt−r(dy)

)
N∗
z(dw) = lim

θ→∞
− logE∗

δz

[
e−

∫
R fθ(y−x)Xt−r(dy)

]
= − logE∗

δz

[
e−

∫
R f(y−x)Xt−r(dy);Mt−r ≤ x

]
= u∗f (t− r, x− z).

Thus we have that

H1,t = exp

{
−2β

∫ τ

0

u∗f (t− r, x− z∅(r)) dr

}
. (2.21)

For H2,t, on the event {τ ≤ t}, we have that

H2,t = lim
θ→∞

exp

{
−
∫ τ

0

dr

∫ ∞

0

ye−λ
∗yn(dy)E∗

yδz∅ (r)

(
1− e−

∫
R fθ(y−x)Xt−r(dy)

)
dr

}
. (2.22)

It follows from the branching property of X that

lim
θ→∞

P∗
yδz(e

−
∫
R fθ(y−x)Xt−r(dy)) = lim

θ→∞

[
P∗
δz(e

−
∫
R fθ(y−x)Xt−r(dy))

]y
= e−u

∗
f (t−r,x−z)y,

which implies that

H2,t = exp

{
−
∫ τ

0

∫ ∞

0

y[1− e−u
∗
f (t−r,x−z∅(r))y]e−λ

∗yn(dy) dr

}
. (2.23)

Combining the definition of ϕ in (2.15) with (2.21) and (2.23), we get that

H1,tH2,t = exp

{
−
∫ τ

0

ϕ(u∗f (t− r, x− z∅(r))) dr

}
. (2.24)

11



By the definition of X(3,∅), on the event {τ ≤ t}, we have that

H3,t = lim
θ→∞

E
(
P∗
Y∅δy

(
e−

∫
R fθ(y−x)Xt−s(dy)

)
|FZ

t

)
|s=τ,y=z∅(τ)

=E
(
e−u

∗
f (t−τ,x−z∅(τ))Y∅|FZ

t

)
=

1

pN∅λ
∗q

(
β(λ∗)21N∅=2 +

∫ ∞

0

(λ∗y)N∅

N∅!
e−u

∗
f (t−τ,x−z∅(τ))ye−λ

∗y n(dy)

)
. (2.25)

It follows from the branching property that on the event {τ ≤ t},

H4,t =
[
Pδz∅(τ)

(
e−

∫
R f(y−x)Xt−s(dy);M I

t−s ≤ x
)]N∅

s=τ
= vf (t− τ, x− z∅(τ))

N∅ . (2.26)

Note that

E(H3,tH4,t; τ ≤ t|τ, {z∅(r), 0 ≤ r ≤ τ}) =
∞∑
n=2

E(H3,tH4,t; τ ≤ t, N∅ = n|τ, z∅(τ))

=1τ≤t

∞∑
n=2

pn
1

pnλ∗q

(
β(λ∗)21n=2 +

∫ ∞

0

(λ∗y)n

n!
e−u

∗
f (t−τ,x−z∅(τ))ye−λ

∗y n(dy)

)
vf (t− τ, x− z∅(τ))

n

=1τ≤t
1

λ∗q

[
(β(λ∗)2vf (t− τ, x− z∅(τ))

2

+

∫ ∞

0

(
eλ

∗vf (t−τ,x−z∅(τ))y − 1− λ∗vf (t− τ, x− z∅(τ))y
)
e−(λ∗+u∗f (t−τ,x−z∅(τ)))yn(dy)

]
=q−1Ĝf (t− τ, x− z∅(τ))1τ≤t. (2.27)

Combining (2.18),(2.24) and (2.27), we get that

U2,f (t, x) = E [H1,tH2,tE(H3,tH4,t; τ ≤ t|τ, {z∅(r), 0 ≤ r ≤ τ})]

= q−1P

(
exp

{
−
∫ τ

0

ϕ(u∗f (t− r, x− z∅(r))) dr

}
Ĝf (t− τ, x− z∅(τ)); τ ≤ t

)
= E

∫ t

0

exp

{
−
∫ s

0

(
q + ϕ(u∗f (t− r, x−Br))

)
dr

}
Ĝf (t− s, x−Bs) ds,

where in the last equality, we use the fact that τ is exponentially distributed with parameter
q and {z∅(r) : r ≥ 0} is a standard Brownian motion. Note that q+ϕ(λ) = ψ′(λ∗ +λ). The
proof is now compete. 2

Note that ex−1−x
x2

=
∑∞

k=2
xk−2

k!
is increasing in x on (0,∞). So eλ

∗vf (t,x)y−1−λ∗vf (t, x)y ≤
vf (t, x)

2(eλ
∗y − 1− λ∗y), which implies that

Ĝf (t, x) ≤
1

λ∗

[
(β(λ∗)2 +

∫ ∞

0

(eλ
∗y − 1− λ∗y)e−λ

∗yn(dy))

]
vf (t, x)

2

= (ψ′(λ∗)− ψ(λ∗)/λ∗) vf (t, x)
2 = qvf (t, x)

2 ≤ qv(t, x). (2.28)

Here in the last inequality, we use the fact that vf (t, x) ≤ v(t, x).
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2.2 Some useful estimates

In this subsection we give some useful estimates for u∗f (t, x) and vf (t, x). Recall that q =

ψ′(λ∗) and ρ =
√

1 + q/α.

Lemma 2.7 (1) For any f ∈ B+(R) and t > 0, x ∈ R,

u∗f (t, x) ≤ k(t) := − logP∗(Xt = 0),

and t 7→ eqtk(t) is decreasing on (0,∞).

(2) If (H2) holds, then there exists a positive constant c2 such that

k(t) ≤
[

1

ec2ϑt − 1

]1/ϑ
, t > 0, (2.29)

and for any f ∈ B+
b (R), there exists a positive constant c3 such that

u∗f (t, x) ≤ c3(1 + x−2/ϑ)e(a+α)t, t, x > 0. (2.30)

Proof: Since E∗ (e− ∫
R f(y−x)Xt(dy);Mt ≤ x

)
≥ P∗(Xt = 0) for any t > 0, x ∈ R, we have

u∗f (t, x) ≤ k(t). By the branching property and Markov property, we get that

P∗(∥Xt∥ = 0) = E∗ (P∗
Xt−s

(∥Xs∥ = 0)
)
= E∗ (e−k(s)∥Xt−s∥

)
.

Put u∗θ(t) := − logE∗ (e−θ∥X∥t
)
. Then k(t) = u∗k(s)(t−s). Under P∗, ∥Xt∥ is a continuous state

branching process with branching mechanism ψ(λ∗ + λ). Then according to [16, Theorem
10.1], we have

k′(t) = −ψ
(
λ∗ + u∗k(s)(t− s)

)
= −ψ(λ∗ + k(t)). (2.31)

Since ψ(λ∗) = 0 and ψ′ is increasing on (0,∞), ψ(λ∗ + λ) ≥ ψ′(λ∗)λ = qλ. Thus k′(t) ≤
−qk(t). Using this one can check that (eqtk(t))′ ≤ 0. The proof of (1) is complete.

Assume that (H2) holds. Then there exists c2 > 0 such that ψ(λ∗ + λ) ≥ c2(λ + λ1+ϑ).
Thus, by (2.31), we have that

k′(t) ≤ −c2(k(t) + k(t)1+ϑ),

which implies that

−c2t ≥
∫ t

0

k′(s)

k(s) + k(s)1+ϑ
ds =

−1

ϑ
log(1 + k(s)−ϑ)|t0 =

−1

ϑ
log(1 + k(t)−ϑ).

Hence (2.29) follows immediately.
Since u∗f (t, x) ≤ uf (t, x), it suffices to show that (2.30) is true for uf (t, x). By [19, Lemma

2.3(2)], we have that
Vf1+f2(t, x) ≤ Vf1(t, x) + Vf2(t, x).

By (2.5),

uf (t, x) = lim
θ→∞

Vfθ(t,−x) ≤ Vf (t,−x) + lim
θ→∞

Vθ1(0,∞)
(t,−x) = Vf (t,−x) + u(t, x),
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where fθ = f + θ1(0,∞). By (2.4) and Jensen’s inequality, we have that

Vf (t,−x) = − logE
(
e−

∫
R f(y−x)Xt(dy)

)
≤ E

(∫
R
f(y − x)Xt(dy)

)
= eαtE(f(Bt−x)) ≤ eαt∥f∥.

By [19, Lemma 4.2 and 4.3] (with A being replaced by x, and x there replaced by 0), we get
that there exists a positive constant C such that

u(t, x) ≤ C(1 + x−2/ϑ)eat, t, x > 0.

Combining the two displays above, we get that

uf (t, x) ≤ eαt∥f∥+ C(1 + x−2/ϑ)eat ≤ (C + ∥f∥)(1 + x−2/ϑ)e(a+α)t.

Now (2.30) follows immediately. 2

Lemma 2.8 Assume that (H1) and (H2) hold. For any A > 0 and ϵ > 0,∫ A

0

ϕ(k(s))sϵ ds <∞.

Proof: Note that, by (2.31),

k′(s) = −ψ(k(s) + λ∗), k′′(s) = −ψ′(k(s) + λ∗)k′(s).

Thus, using (2.15), we have

0 ≤ ϕ(k(s)) = ψ′(k(s) + λ∗)− q =
k′′(s)

−k′(s)
− q ≤ k′′(s)

−k′(s)
.

It follows that∫ A

0

ϕ(k(s))sϵ ds ≤
∫ A

0

k′′(s)

−k′(s)
sϵ ds =

∫ A

0

sϵ d(− log(−k′(s)))

= − log(−k′(A))Aϵ + lim
s→0

sϵ log(−k′(s)) + ϵ

∫ A

0

log(−k′(s))sϵ−1 ds. (2.32)

Note that for λ > 0, ψ′′(λ + λ∗) exists and is decreasing. By Taylor’s expansion, since
ψ(λ∗) = 0, we have that

ψ(λ+ λ∗) ≤ ψ′(λ∗)λ+ ψ′′(λ∗)λ2, λ > 0.

By (2.29), we have that k(s) ≤ Cs−1/ϑ. Thus we get that

−k′(s) = ψ(k(s) + λ∗) ≤ ψ′(λ∗)k(s) + ψ′′(λ∗)k(s)2

≤ C(s−1/ϑ + s−2/ϑ) ≤ Cs−2/ϑ, s ∈ [0, A].

Now the desired result follows immediately from (2.32). 2

Now we give some upper estimates of v(t, x).
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Lemma 2.9 (1) For any t > 0,

v(t, x) ≤ P(Bt ≤ x), x ∈ R, (2.33)

and

v(t, x) ≤ P(Bt ≤ x) ≤
√
t√

2π|x|
e−

x2

2t , x < 0. (2.34)

(2) There exist t0 > 1 and c > 0 such that for any t > t0,

v(t,
√
2αθt−

√
t) ≤ P(MZ

t ≤
√
2αθt−

√
t)

≤ ct

{
e−(q+αθ2)t, θ < 1− ρ;
e−2α(ρ−1)(1−θ)t, 1− ρ ≤ θ < 1.

(2.35)

Proof: (1) By Proposition 2.6, we have

v(t, x) =E
[
e−

∫ t
0 ψ

′(λ∗+u∗(t−r,x−Br)) dr, Bt ≤ x
]

+ E

∫ t

0

e−
∫ s
0 ψ

′(λ∗+u∗(t−r,x−Br)) drĜ(t− s, x−Bs) ds,

which is equivalent to

v(t, x) =Ex

[
e−

∫ t
0 ψ

′(λ∗+u∗(t−r,Br)) dr, Bt ≥ 0
]

+ Ex

∫ t

0

e−
∫ s
0 ψ

′(λ∗+u∗(t−r,Br)) drĜ(t− s, Bs) ds, (2.36)

where Ĝ is the Ĝf defined in Proposition 2.6 with f ≡ 0. Thus, by [12, Lemma 1.5, page
1211], the integral equation (2.36) implies that

v(t, x) + Ex

∫ t

0

ψ′(λ∗ + u∗(t− s, Bs))v(t− s, Bs)ds = Px

[
Bt ≥ 0

]
+ Ex

∫ t

0

Ĝ(t− s, Bs)ds.

(2.37)

Here we remark that since ψ′(λ∗+u∗(t−s, z)) may not be bounded as a function of (s, z), we
can not use [12, Lemma 1.5, page 1211] directly. However, since ψ′(λ∗+u∗(t−s, z)) ≥ 0, the
argument of [12, Lemma 1.5, page 1211] still works in the present case. Note that the right
hand side of (2.37) is finite, and thus we have Ex

∫ t
0
ψ′(λ∗+u∗(t− s, Bs))v(t− s, Bs)ds <∞.

Combining (2.37) with the definition of Ĝ, we get

v(t, x) = Px

[
Bt ≥ 0

]
+

1

λ∗
Ex

∫ t

0

[ψ(u(s, Bt−s))− ψ(λ∗ + u∗(s, Bt−s))] ds.

Note that ψ(λ) < 0 for λ ∈ (0, λ∗), ψ(λ) > 0 for λ > λ∗ and ψ is increasing on (λ∗,∞).
Thus for any λ0 > λ∗,

sup
0≤λ≤λ0

ψ(λ) = sup
λ∗≤λ≤λ0

ψ(λ) = ψ(λ0).
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Since u(s, z) ≤ λ∗ + u∗(s, z), using the above property with λ0 = λ∗ + u∗(s, Bt−s), we get
that ψ(u(s, Bt−s))− ψ(λ∗ + u∗(s, Bt−s)) ≤ 0. Therefore we have that

v(t, x) ≤ Px

[
Bt ≥ 0

]
= P

[
Bt ≤ x

]
, x ∈ R.

For x < 0,

P
[
Bt ≤ x

]
= P

[
B1 ≥ |x|t−1/2

]
=

1

2π

∫ ∞

|x|t−1/2

e−y
2/2dy

≤ 1

2π

∫ ∞

|x|t−1/2

y

|x|t−1/2
e−y

2/2dy ≤
√
t√

2π|x|
e−x

2/(2t). (2.38)

Thus (2.34) follows.
(2) We claim that there exists t0 > 0 such that for any t > t0 and x,

P(MZ
t ≤ z) ≤ (2qt+ 1) sup

0≤s≤t
e−qsP

(
B1 ≤ (z −

√
2α(t− s) +

√
t)/

√
s
)
. (2.39)

It is shown in [10] (see the discussion below [10, Lemma 3]) that the claim is true when
p2 = 1 and q = 1. Using similar arguments we see that it is also true for the general case.
We omit the proof here.

Put a(t) :=
√
2α(1− θ)t. By (2.39), for t > t0,

P(MZ
t ≤

√
2αθt−

√
t) ≤ (2qt+ 1) sup

0≤s≤t
e−qsP(B1 ≤ (

√
2αs− a(t))/

√
s).

Note that by (2.38), P (B1 ≤ −y) ≤ 1√
2π
y−1e−y

2/2 for all y > 0. Thus, if
√
2αs < a(t), we

have

e−qsP
(
B1 ≤ (

√
2αs− a(t))/

√
s
)
≤

√
s√
2π

1

a(t)−
√
2αs

e−qse−(
√
2αs−a(t))2/2s

=

√
s√
2π

1

a(t)−
√
2αs

e
√
2αa(t)e−αρ

2s−a(t)2

2s . (2.40)

It is clear that

αρ2s+
a(t)2

2s
≥

√
2αρa(t), (2.41)

and is decreasing on (0, a(t)√
2αρ

). We now prove the desired result in four cases.

(i) If a(t) >
√
2αρt (that is, θ < 1−ρ), then

√
2αs < a(t) for s ∈ [0, t] and thus by (2.40)

we have that

sup
0≤s≤t

e−qsP
(
B1 ≤ (

√
2αs− a(t))/

√
s
)
≤

√
t√
2π

1

a(t)−
√
2αt

e
√
2αa(t)e−αρ

2t−a(t)2

2t

=

√
t√
2π

1

a(t)−
√
2αt

e−(αρ2+α(1−θ)2−2α(1−θ))t ≤ 1√
2π

1√
2α(ρ− 1)

√
t
e−(q+αθ2)t.
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(ii) If
√
2αρ+1

2
t ≤ a(t) ≤

√
2αρt (that is, 1 − ρ ≤ θ ≤ (1 − ρ)/2), then

√
2αs < a(t) for

s ∈ [0, t], and thus by (2.40) and (2.41) we have that

sup
0≤s≤t

e−qsP
(
B1 ≤ (

√
2αs− a(t))/

√
s
)
≤ 1√

2π

2√
2α(ρ− 1)

√
t
e−

√
2α(ρ−1)a(t)

=
1√
2π

2√
2α(ρ− 1)

√
t
e−2α(ρ−1)(1−θ)t.

(iii) If 1 < a(t) <
√
2αρ+1

2
t (that is, (1− ρ)/2 < θ < 1− 1√

2αt
), then

sup
0≤s≤t

e−qsP
(
B1 ≤ (

√
2αs− a(t))/

√
s
)

≤ sup
0≤s≤ 2√

2α(ρ+1)
a(t)

e−qsP
(
B1 ≤ (

√
2αs− a(t))/

√
s
)
+ e

−q 2√
2α(ρ+1)

a(t)

≤ sup
0≤s≤ 2√

2α(ρ+1)
a(t)

1√
2π

√
s

a(t)−
√
2αs

e−
√
2α(ρ−1)a(t) + e−

√
2α(ρ−1)a(t)

≤
√

1√
2απ(ρ+ 1)

1
ρ−1
(ρ+1)

√
a(t)

e−
√
2α(ρ−1)a(t) + e−

√
2α(ρ−1)a(t)

≤

(√
ρ+ 1√
2απ

1

ρ− 1
+ 1

)
e−2α(ρ−1)(1−θ)t.

Here in the second inequality we used (2.40), (2.41) and the fact that

q
2√

2α(ρ+ 1)
=

2α(ρ2 − 1)√
2α(ρ+ 1)

=
√
2α(ρ− 1).

(iv) Finally, if 0 < a(t) ≤ 1 (that is, 1− 1√
2αt

≤ θ < 1), then

P
(
MZ

t ≤
√
2αθt−

√
t
)
≤ 1 ≤ e

√
2α(ρ−1)e−

√
2α(ρ−1)a(t) = e

√
2α(ρ−1)e−2α(ρ−1)(1−θ)t.

The proof is now complete. 2

Recall that mt =
√
2αt − 3

2
√
2α

log t. The next lemma gives another estimate of v(t, z).
The proof will be given in Appendix.

Lemma 2.10 For any ϵ ∈ (0,
√
2α(ρ− 1)), there exist cϵ > 1 and Tϵ ≥ 1 such that

v(t,mt − z) ≤ P
(
MZ

t ≤ mt − z
)
≤ cϵe

−
√
2α(ρ−1)zeϵz, t ≥ Tϵ, z > 0.

3 Proofs of the main results

Put ζf (t, x) := ψ′(λ∗ + u∗f (t, x)). It is clear that ζf (t, x) ≥ ψ′(λ∗) = q.

Lemma 3.1 For any f ∈ B+(R),

U1,f (t,
√
2αδt) ≤

{
e−qt, δ ≥ 0;

1
2
√
πα|δ|t

−1/2e−(q+αδ2)t, δ < 0.

17



Proof: Since ζf (t, x) ≥ ψ′(λ∗) = q, by (2.11), we have that

U1,f (t,
√
2αδt) = E

(
e−

∫ t
0 ζf (t−r,

√
2αδt−Br) ds;Bt ≤

√
2αδt

)
≤ e−qtP

[
Bt ≤

√
2αδt

]
.

Thus, the desired result follows easily from (2.38) with x =
√
2αδt. 2

Note that by the change of variables s→ t− s, we have

U2,f (t, x) = E

∫ t

0

e−
∫ t
s ζf (r,x−Bt−r) drĜf (s, x−Bt−s) ds.

3.1 Proof of Theorem 1.1: δ ∈ (1− ρ, 1)

It follows from Lemma 2.5 that, to prove Theorem 1.1, we only need to consider the limiting
property of vf (t,

√
2αδt). Note that

q + αδ2 − 2α(ρ− 1)(1− δ) = α(ρ− 1 + δ)2, (3.1)

and

2α(ρ− 1)(1− δ) ≤ 2α(ρ− 1) < α(ρ2 − 1) = q, δ ∈ [0, 1). (3.2)

It follows from Lemma 3.1 that for any δ ∈ (1− ρ, 1),

lim
t→∞

e2α(ρ−1)(1−δ)t

t3(ρ−1)/2
U1,f (t,

√
2αδt) = 0.

Thus, by the decomposition (2.10), to prove the desired result, it suffices to show that

lim
t→∞

e2α(ρ−1)(1−δ)t

t3(ρ−1)/2
U2,f (t,

√
2αδt) =

a
3(ρ−1)/2
δ√
2αρ

∫ ∞

−∞
e−

√
2α(ρ−1)zA(wf (z))dz,

where aδ = 1− 1−δ
ρ

and A(λ) = 1
λ∗
ψ(λ) + ψ′(λ∗)(1− λ/λ∗).

The result above follows from Lemmas 3.2 and 3.3 below. In Lemma 3.3, we will show
that for δ ∈ (1− ρ, 1),

e2α(ρ−1)(1−δ)t

t3(ρ−1)/2
P
(
M I

t ≤
√
2αδt, τ /∈

[1− δ

ρ
t− (log t)

√
t,
1− δ

ρ
t+ (log t)

√
t
])

→ 0.

Thus, on the event
{
M I

t ≤
√
2αδt

}
, with large probability, the first branching time of the

skeleton happens in the interval
[
1−δ
ρ
t− (log t)

√
t, 1−δ

ρ
t+ (log t)

√
t
]
.

Lemma 3.2 Let δ ∈ (1 − ρ, 1) and It = [aδt − (log t)
√
t, aδt + (log t)

√
t] ∩ [0, t]. Then for

any f ∈ H,

lim
t→∞

e2α(ρ−1)(1−δ)t

t3(ρ−1)/2
E

∫
It
e−

∫ t
s ζf (r,

√
2αδt−Bt−r) drĜf (s,

√
2αδt−Bt−s) ds

=
a
3(ρ−1)/2
δ√
2αρ

∫ ∞

−∞
e−

√
2α(ρ−1)zA(wf (z))dz.
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Proof: In this proof, we always assume that t ≥ 1 is large enough such that aδt/2 ≤
aδt − (log t)

√
t ≤ aδt + (log t)

√
t ≤ (1 + aδ)t/2. Since ψ′ is increasing and ψ′′ is decreasing,

it follows that, for any λ ≥ 0

q = ψ′(λ∗) ≤ ψ′(λ∗ + λ) ≤ q + ψ′′(λ∗)λ.

Thus we have, for any s ∈ It,

q(t− s) ≤
∫ t

s

ζf (r,
√
2αδt−Bt−r) dr ≤ q(t− s) + ψ′′(λ∗)

∫ t

s

u∗f (r,
√
2αδt−Bt−r) dr

≤ q(t− s) + ψ′′(λ∗)tk(aδt− (log t)
√
t).

Here the last inequality follows from Lemma 2.7(1) and the fact that the function k is
decreasing. By Lemma 2.7(1), supt>1 e

qtk(t) <∞, which implies that tk(aδt−(log t)
√
t) → 0

as t→ ∞. Thus as t→ ∞,

E

∫
It
e−

∫ t
s ζf (r,

√
2αδt−Bt−r) drĜf (s,

√
2αδt−Bt−s) ds ∼

∫
It
e−q(t−s)E[Ĝf (s,

√
2αδt−Bt−s)] ds.

(3.3)

Recall the definition of mt in (1.9). By the change of variables s = s(u) := aδt + u
√
t, we

get that ∫
It
e−q(t−s)E[Ĝf (s,

√
2αδt−Bt−s)] ds

=

∫
It
e−q(t−s)E[Ĝf (s,ms + (

√
2αδt−ms −Bt−s))] ds

=

∫
It
e−q(t−s)ds

∫
R

1√
2π(t− s)

e−
(z+ms−

√
2αδt)2

2(t−s) Ĝf (s,ms + z) dz

=
√
t

∫ log t

− log t

e−q(1−aδ)teq
√
tu√

2π(t− s(u))
du

∫ ∞

−∞
e−

(ms(u)+z−
√
2αδt)2

2(t−s(u)) Ĝf (s(u),ms(u) + z) dz. (3.4)

For u ∈ (− log t, log t), we have that

(ms(u) + z −
√
2αδt)2 =

(√
2α(aδ − δ)t+

√
2αu

√
t− 3

2
√
2α

log(aδt+ u
√
t) + z

)2

= 2α(aδ − δ)2t2 + 2αu2t+ 4α(aδ − δ)ut
√
t− 3(aδ − δ)t log(aδt)

+ 2
√
2α(aδ − δ)zt+R1(t, u, z)

= 2α(aδ − δ)2t2 + 4α(aδ − δ)ut3/2 − 3(aδ − δ)t log t

+ [2αu2 + 2
√
2α(aδ − δ)z − 3(aδ − δ) log aδ]t+R1(t, u, z),

where R1(t, u, z) =
(
− 3

2
√
2α

log(aδt+ u
√
t) + z

)2
−3u

√
t log(aδt+u

√
t)+2

√
2αu

√
tz−3(aδ−

δ)t log(1 + u/(aδ
√
t)). Using this one can check that for |u| ≤ log t,

R1(t, u, z) ≥ −3|u|
√
t log(aδt+ |u|

√
t)− 2

√
2α|u|

√
t|z| − 3(aδ − δ)t

|u|
aδ
√
t
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≥ −3(log t)2
√
t− 2

√
2α(log t)

√
t|z| − 3(aδ − δ)

aδ

√
t log t. (3.5)

Using the Taylor expansion of (1− x)−1, we obtain that

1

2(t− s(u))
=

1

2(1− aδ)t

1

1− u/[(1− aδ)
√
t]

=
1

2(1− aδ)t

(
1 +

u

(1− aδ)
√
t
+

u2

(1− aδ)2t
+R2(t, u)

)
,

where

|R2(t, u)| =

∣∣∣∣∣
∞∑
n=3

[
u

(1− aδ)
√
t

]n∣∣∣∣∣ ≤
∞∑
n=3

[
log t

(1− aδ)
√
t

]n
≤ 2

(1− aδ)3
(log t)3t−3/2, (3.6)

here we used the fact that log t/[(1− aδ)
√
t] ≤ 1/2, and for 0 ≤ x ≤ 1/2,

∑∞
n=3 x

n = x3

1−x ≤
2x3. Using the above estimates, we get that for u ∈ (− log t, log t),

(ms(u) + z −
√
2αδt)2

2(t− s(u))

=
α(aδ − δ)2

1− aδ

(
t+

u

(1− aδ)

√
t+

u2

(1− aδ)2

)
+

4α(aδ − δ)u

2(1− aδ)

(√
t+

u

(1− aδ)

)
− 3(aδ − δ)

2(1− aδ)
log t+

2αu2 − 3(aδ − δ) log(aδ) + 2
√
2α(aδ − δ)z

2(1− aδ)

+R3(t, u, z)

=
α(ρ− 1)2(1− δ)

ρ
t+ qu

√
t− 3(ρ− 1)

2
log t+

αρ3

1− δ
u2 +

√
2α(ρ− 1)z

− 3

2
(ρ− 1) log(aδ) +R3(t, u, z), (3.7)

where

R3(t, u, z) =
4α(aδ − δ)u

2(1− aδ)

u2

(1− aδ)2
√
t
− 3(aδ − δ)

2(1− aδ)
log t

(
u

(1− aδ)
√
t
+

u2

(1− aδ)2t

)
+

2αu2 − 3(aδ − δ) log(aδ) + 2
√
2α(aδ − δ)z

2(1− aδ)

(
u

(1− aδ)
√
t
+

u2

(1− aδ)2t

)
+
(
2α(aδ − δ)2t2 + 4α(aδ − δ)ut3/2 − 3(aδ − δ)t log t

+ [2αu2 + 2
√
2α(aδ − δ)z − 3(aδ − δ) log aδ]t

) R2(t, u)

2(1− aδ)t

+
R1(t, u, z)

2(t− s(u))
.

Then it follows from (3.5) and (3.6) that limt→∞R3(t, u, z) = 0 and for any u ∈ (− log t, log t),

−R3(t, u, z) ≤
2α(aδ − δ)

(1− aδ)3
(log t)3t−1/2 +

3(aδ − δ)

2(1− aδ)
log t

(
log t

(1− aδ)
√
t
+

(log t)2

(1− aδ)2t

)
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+
2α(log t)2 + 3(aδ − δ) log(aδ) + 2

√
2α(aδ − δ)|z|

2(1− aδ)

(
log t

(1− aδ)
√
t
+

(log t)2

(1− aδ)2t

)
+
(
2α(aδ − δ)2t2 + 4α(aδ − δ)(log t)t3/2 + 3(aδ − δ)t log t

+ [2α(log t)2 + 2
√
2α(aδ − δ)|z|+ 3(aδ − δ) log aδ]t

) 1

(1− aδ)4
(log t)3t−5/2

+

(
3(log t)2

√
t+ 2

√
2α(log t)

√
t|z|+ 3(aδ − δ)

aδ

√
t log t

)
1

2((1− aδ)t− (log t)
√
t)
.

Thus there exists a positive function r(·) with limt→∞ r(t) = 0 such that for any u ∈
(− log t, log t),

−R3(t, u, z) ≤ r(t)(1 + |z|). (3.8)

For any ϵ > 0, choose tϵ such that r(t) ≤ ϵ for any t > tϵ. Noticing that q(1 − aδ) +
α(ρ−1)2(1−δ)

ρ
= 2α(ρ− 1)(1− δ), by (3.3), (3.4) and (3.7), we get that

lim
t→∞

e2α(ρ−1)(1−δ)t

t3(ρ−1)/2
E

∫
It

e−
∫ t
s ζ(r,

√
2αδt−Bt−r) drĜf (s,

√
2αδt−Bt−s) ds

=a
3(ρ−1)/2
δ lim

t→∞

∫ log t

− log t

√
t√

2π(t− s(u))
e−

αρ3

1−δ
u2du

∫ ∞

−∞
e−

√
2α(ρ−1)ze−R3(t,u,z)Ĝf (s(u),ms(u) + z)dz.

(3.9)

Note that u∗f (t,mt + x) ≤ − logP∗(Xt = 0) → 0, as t → ∞. Then it follows from (1.8) and
Lemma 2.2 that

lim
t→∞

vf (t,mt + z) = 1− wf (z)

λ∗
.

Recall the definition of Ĝ in (2.13). It follows that

lim
t→∞

Ĝf (aδt+ u
√
t,maδt+u

√
t + z) = lim

t→∞
Ĝf (t,mt + z)

=
1

λ∗
(ψ(wf (z)) + q(λ∗ − wf (z))) = A(wf (z)). (3.10)

Thus, as t→ ∞, the limit of the integrand in (3.9) is

a
3(ρ−1)/2
δ√

2π(1− aδ)
e−

αρ3

1−δ
u2−

√
2α(ρ−1)zA(wf (z)).

By (3.8), (2.28) and Lemma 2.10, we have that, for η small enough, there exist Tη > 1 and
cη > 0 such that, for t > Tη + tϵ, the integrand in (3.9) is smaller than

q
a
3(ρ−1)/2
δ√
π(1− aδ)

e−
αρ3

1−δ
u2−

√
2α(ρ−1)zeϵ(1+|z|) ×

{
c2ηe

2[
√
2α(ρ−1)−η]z, z < 0;

1, z > 0,

which is integrable over R×R if we choose ϵ <
√
2α(ρ− 1) and −2η +

√
2α(ρ− 1)− ϵ > 0.

Thus using the dominated convergence theorem in (3.9), we have that

lim
t→∞

e2α(ρ−1)(1−δ)t

t3(ρ−1)/2
E

∫
It
e−

∫ t
s ζf (r,

√
2αδt−Bt−r) drĜf (s,

√
2αδt−Bt−s) ds
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=
a
3(ρ−1)/2
δ√

2π(1− aδ)

∫ ∞

−∞
e−

αρ3

1−δ
u2du

∫ ∞

−∞
e−

√
2α(ρ−1)zA(wf (z))dz

=
a
3(ρ−1)/2
δ√
2αρ

∫ ∞

−∞
e−

√
2α(ρ−1)zA(wf (z))dz.

2

Lemma 3.3 For δ ∈ (1−ρ, 1), it holds that for δ ∈ (1−ρ, 1), it holds that for any f ∈ B+(R),

lim
t→∞

e2α(ρ−1)(1−δ)t

t3(ρ−1)/2
E

∫
[0,t]\It

e−
∫ t
s ζf (r,

√
2αδt−Bt−r) drĜf (s,

√
2αδt−Bt−s) ds = 0.

Since ζf (t, x) ≥ q, using (2.28) and the fact that vf (t, x) ≤ v(t, x), to prove Lemma 3.3,
we only need to show that

lim
t→∞

e2α(ρ−1)(1−δ)t

t3(ρ−1)/2
E

∫
[0,t]\It

e−q(t−s)v2(s,
√
2αδt−Bt−s) ds = 0. (3.11)

Note that

[0, t] \ It ⊂[0, ϵt] ∪
(
[(aδ − ϵ)t, aδt− (log t)

√
t]) ∪ [aδt+ (log t)

√
t, (aδ + ϵ)t]

)
∪ ([ϵt, (aδ − ϵ)t] ∪ [(aδ + ϵ)t, t]) .

In the following three lemmas we handle the integral in (3.11) over [0, ϵt], [(aδ − ϵ)t, aδt −
(log t)

√
t] ∪ [aδt+ (log t)

√
t, (aδ + ϵ)t] and [ϵt, (aδ − ϵ)t] ∪ [(aδ + ϵ)t, t] separately.

Lemma 3.4 Let δ ∈ (1− ρ, 1). For ϵ > 0 small enough,

lim
t→∞

e2α(ρ−1)(1−δ)t

t3(ρ−1)/2
E

∫ ϵt

0

e−q(t−s)v2(s,
√
2αδt−Bt−s) ds = 0.

Proof: By (2.33), we have that

v(s,
√
2αδt−Bt−s) ≤ PBt−s(Bs ≤

√
2αδt) = P[Bt ≤

√
2αδt|σ(Br : r ≤ t− s)].

Thus it follows that

E(v2
(
s,
√
2αδt−Bt−s)

)
≤ E

(
v(s,

√
2αδt−Bt−s)

)
≤ P(Bt ≤

√
2αδt). (3.12)

Hence, for any ϵ > 0,

E

∫ ϵt

0

e−q(t−s)v2(s,
√
2αδt−Bt−s) ds ≤ q−1eqϵte−qtP(Bt ≤

√
2αδt)

≤ q−1eqϵt ×
{
e−qt, δ ≥ 0;

1
2
√
πα|δ|t

−1/2e−(q+αδ2)t, δ < 0,
(3.13)

where in the last inequality we used (2.38). Using (3.1) and (3.2), we can choose ϵ small
enough so that

2α(ρ− 1)(1− δ) + qϵ <

{
q, δ ≥ 0;
q + αδ2, δ ∈ (1− ρ, 0),

which implies the desired result. 2
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Lemma 3.5 Let δ ∈ (1− ρ, 1). For ϵ > 0 small enough,

lim
t→∞

e2α(ρ−1)(1−δ)t

t3(ρ−1)/2
E

(∫ aδt−(log t)
√
t

(aδ−ϵ)t
+

∫ (aδ+ϵ)t

aδt+(log t)
√
t

)
e−q(t−s)v2(s,

√
2αδt−Bt−s) ds = 0.

Proof: Put St := (aδ − ϵ, aδ − (log t)/
√
t)∪ (aδ + (log t)/

√
t, aδ + ϵ). Recall the definition of

mt given by (1.9). By the change of variables s = rt, applying Lemma 2.10 for z > 0 and
the fact v ≤ 1 for z ≤ 0, we get that, for η small enough, there exists cη ≥ 1 such that for t
large enough,

E

(∫ aδt−(log t)
√
t

(aδ−ϵ)t
+

∫ (aδ+ϵ)t

aδt+log t
√
t

)
e−q(t−s)v2(s,

√
2αδt−Bt−s) ds

=E

(∫ aδt−(log t)
√
t

(aδ−ϵ)t
+

∫ (aδ+ϵ)t

aδt+log t
√
t

)
e−q(t−s)v2

(
s,ms − (ms −

√
2αδt+Bt−s)

)
ds

≤c2ηt
∫
St

e−q(1−r)tE
[
e−2(

√
2α(ρ−1)−η)(mrt−

√
2αδt+B(1−r)t) ∧ 1

]
dr.

We claim that for any b1 > b2 > 0,

E
(
e−b1(b2+B1) ∧ 1

)
≤ 1√

2π

(
1

b1 − b2
+

1

b2

)
e−b

2
2/2. (3.14)

Indeed, the left-hand side of (3.14) can be written as

E
(
e−b1(b2+B1);B1 + b2 > 0

)
+ E(B1 + b2 ≤ 0).

By (2.38), we have that

E(B1 + b2 ≤ 0) = E(B1 > b2) ≤
1√
2π

1

b2
e−b

2
2/2.

By the Girsanov theorem, we have

E
(
e−b1(b2+B1);B1 + b2 > 0

)
= e−b1b2eb

2
1/2E(B1 − b1 + b2 > 0)

≤ 1√
2π

1

b1 − b2
e−b1b2eb

2
1/2e−(b1−b2)2/2 =

1√
2π

1

b1 − b2
e−b

2
2/2.

Now (3.14) follows immediately.

We will use (3.14) with b1 = 2(
√
2α(ρ − 1) − η)

√
(1− r)t and b2 = mrt−

√
2αδt√

(1−r)t
. For

ϵ ∈
(
0, aδ−δ

2ρ−1
∧ (1− aδ)

)
, we have for any r ∈ St ⊂ (aδ − ϵ, aδ + ϵ),

√
2α(aδ + ϵ− δ)√
(1− aδ − ϵ)

√
t ≥ b2 ≥

√
2α(aδ − ϵ− δ)√
(1− aδ + ϵ)

√
t−

3
2
√
2α√

(1− aδ − ϵ)

log t√
t
,

and

b1 − b2 ≥ 2(
√
2α(ρ− 1)− η)

√
(1− aδ − ϵ)t−

√
2α(aδ + ϵ− δ)√
(1− aδ − ϵ)

√
t
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=

√
2α√

1− aδ − ϵ

[
2(ρ− 1)(1− aδ)− (aδ − δ)− (2ρ− 1)ϵ− 2η√

2α
(1− aδ − ϵ)

]√
t

≥
√
2α√

1− aδ − ϵ

[
aδ − δ − (2ρ− 1)ϵ− 2η√

2α

]√
t,

where in the final inequality, we used (ρ − 1)(1 − aδ) = (aδ − δ). So if we choose η ∈(
0,
√
2α[aδ − δ − (2ρ− 1)ϵ]/2

)
, and then for t large enough, b1 > b2 > 0. Thus, using (3.14),

we have that, for t large enough and r ∈ St,

E
[
e−2(

√
2α(ρ−1)−ϵ)(mrt−

√
2αδt+B(1−r)t) ∧ 1

]
≤ Ct−1/2e−

(mrt−
√
2αδt)2

2(1−r)t

≤Ct−1/2t
3(1−δ)

2(1−aδ−ϵ) e−
α(r−δ)2

(1−r)
t. (3.15)

Here in the last inequality we used the following facts: r ≤ aδ + ϵ < 1 and

e−
(mrt−

√
2αδt)2

2(1−r)t ≤ (rt)
3(r−δ)
2(1−r) e−

α(r−δ)2

(1−r)
t ≤ t

3(1−δ)
2(1−aδ−ϵ) e−

α(r−δ)2

(1−r)
t.

For any x ∈ (0, 1) and c ∈ R, one can prove that

q(1− x) +
α(x− c)2

1− x
≥ 2α(ρ− 1)(1− c) + αρ2

(
1− 1− c

ρ
− x
)2
. (3.16)

For a proof of the above inequality, see Lemma A.2 in the Appendix. Using the inequality
above, we get that, for r ∈ St,

q(1− r) +
α(r − δ)2

(1− r)
≥ 2α(ρ− 1)(1− δ) + αρ2(aδ − r)2 ≥ 2α(ρ− 1)(1− δ) + αρ2

(log t)2

t
.

Thus, there exists θ such that

e2α(ρ−1)(1−δ)t

t3(ρ−1)/2
E

(∫ aδt−log t
√
t

(aδ−ϵ)t
+

∫ (aδ+ϵ)t

aδt+log t
√
t

)
e−q(t−s)v2(s,

√
2αδt−Bt−s) ds

≤Ctθe−αρ2(log t)2 → 0, as t→ ∞.

2

Lemma 3.6 Let δ ∈ (1− ρ, 1). For ϵ > 0 small enough,

lim sup
t→∞

e2α(ρ−1)(1−δ)t

t3(ρ−1)/2
E

(∫ (aδ−ϵ)t

ϵt

+

∫ t

(aδ+ϵ)t

)
e−q(t−s)v2(s,

√
2αδt−Bt−s) ds = 0.

Proof: Set I = (ϵ, aδ − ϵ) ∪ (aδ + ϵ, 1). By the change of variables r = s/t, we get that

E

(∫ (aδ−ϵ)t

ϵt

+

∫ t

(aδ+ϵ)t

)
e−q(t−s)v2(s,

√
2αδt−Bt−s) ds

=tE

∫
I
e−q(1−r)tv2(rt,

√
2αδt−Bt−rt) dr
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=tE

∫
I
e−q(1−r)t dr

∫
R

1√
2π(1− r)t

e−
(z−

√
2αδt)2

2(1−r)t v2(rt, z) dz

=
√
2αt2

∫
I
dr

∫
R

r√
2π(1− r)t

e−q(1−r)te−
(
√
2αart−

√
rt−

√
2αδt)2

2(1−r)t v2(rt,
√
2αθrt−

√
rt) dθ

=

√
α√
π
t3/2

∫
I

r dr√
1− r

(∫ 1−ρ

−∞
+

∫ 1

1−ρ
+

∫ ∞

1

)
e−

α

(
θr−

√
r√

2αt
−δ

)2
t

(1−r)
−q(1−r)tv2(rt,

√
2αθrt−

√
rt) dθ

= :

√
α√
π
(I1(t) + I2(t) + I3(t)).

For I1(t), by Lemma 2.9(2) with t replaced by rt, we have that for ϵt > t0 and θ < 1− ρ,

v(rt,
√
2αθrt−

√
rt) ≤ crte−αθ

2rte−qrt.

Then by the change of variables θ → −θ in I1(t), we get that for t > t0/ϵ,

I1(t) ≤ c2t7/2
∫
I

r3 dr√
1− r

∫ ∞

ρ−1

exp
{
−
[
q(1 + r) +

α
(
θr +

√
r√

2αt
+ δ
)2

(1− r)
+ 2αθ2r

]
t
}
dθ

≤ c2t7/2e−q(1+ϵ)te−αδ
2t

∫
I

r3 dr√
1− r

∫ ∞

−∞
e−2αθ2rt dθ

= c2t7/2e−q(1+ϵ)te−αδ
2t

∫
I

√
π

2αrt

r3 dr√
1− r

dr ≤ Ct3e−qϵte−(q+αδ2)t.

Since q + αδ2 > 2α(ρ− 1)(1− δ), it holds that

lim
t→∞

e2α(ρ−1)(1−δ)t

t3(ρ−1)/2
I1(t) = 0.

For I2(t), by Lemma 2.9(2) and the change of variables θ − 1√
2αrt

→ θ, we get that for

ϵt > t0, I2(t) is less than or equal to

c2t7/2
∫
I

r3√
1− r

dr

∫ 1

1−ρ
exp

{
−
[
q(1− r) +

α
(
θr −

√
r√

2αt
− δ
)2

(1− r)
+ 4α(ρ− 1)(1− θ)r

]
t
}
dθ

=c2t7/2
∫
I

r3√
1− r

dr

∫ 1− 1√
2αrt

1−ρ− 1√
2αrt

e
−
[
q(1−r)+α(θr−δ)2

(1−r)
+4α(ρ−1)(1−θ)r

]
t
e2

√
2α(ρ−1)

√
rt dθ

≤Ct7/2e2
√
2α(ρ−1)

√
te− infr∈I,θ<1H(θ,r)t,

where H(θ, r) := q(1− r) + α(θr−δ)2
(1−r) + 4α(ρ− 1)(1− θ)r. We claim that

inf
r∈I,θ<1

H(θ, r) > 2α(ρ− 1)(1− δ). (3.17)

Then it follows that

lim
t→∞

e2α(ρ−1)(1−δ)t

t3(ρ−1)/2
I2(t) = 0.
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Now we prove (3.17). Note that

H(θ, r) =
αr2

1− r

(
θ − δ + 2(ρ− 1)(1− r)

r

)2

− α(ρ− 1)(3ρ− 1)(1− r) + 4α(ρ− 1)(1− δ).

For r∗ := δ+2(ρ−1)
2ρ−1

≤ r < 1 (that is δ+2(ρ−1)(1−r)
r

≤ 1) and θ < 1,

H(θ, r) ≥ −α(ρ−1)(3ρ−1)(1−r∗)+4α(ρ−1)(1− δ) = 2α(ρ−1)(1− δ)+ α(ρ− 1)2(1− δ)

2ρ− 1
.

For r ∈ [0, r∗] ∩ I and θ < 1, since δ+2(ρ−1)(1−r)
r

≥ 1, we have that

H(θ, r) ≥ H(1, r) = q(1− r) +
α(r − δ)2

(1− r)

≥ 2α(ρ− 1)(1− δ) + αρ2(aδ − r)2

≥ 2α(ρ− 1)(1− δ) + αρ2ϵ2,

where in the second inequality we used (3.16). Thus (3.17) is valid.
Finally, we deal with I3(t). Since v(t, x) ≤ 1, we have

I3(t) ≤ t3/2
∫
I

r dr√
1− r

∫ ∞

1

e−
α

(
θr−

√
r√

2αt
−δ

)2
t

(1−r)
−q(1−r)t dθ

=
1√
2α
t

∫
I
dr

∫ ∞

√
2αt(r−δ)−

√
r√

1−r

e−q(1−r)te−z
2/2 dz

≤
√
π√
α
t

∫
I
e−q(1−r)tP

(
B1 ≥

√
2αt(r − δ)− 1√

1− r

)
dr. (3.18)

If r ≤ δ + 2√
2αt

, then

e−q(1−r)tP

(
B1 ≥

√
2αt(r − δ)− 1√

1− r

)
≤ e−q(1−r)t ≤ e−q(1−δ)te

2q√
2α

√
t

=e−2α(ρ−1)(1−δ)te−α(ρ−1)2(1−δ)te
2q√
2α

√
t
. (3.19)

If δ + 2√
2αt

< r < 1, then
√
2αt(r−δ)−1√

1−r > 1, and thus by (2.38),

e−q(1−r)tP

(
B1 ≥

√
2αt(r − δ)− 1√

1− r

)
≤ 1√

2π

√
1− r√

2αt(r − δ)− 1
e−q(1−r)te−

(
√
2αt(r−δ)−1)2

2(1−r)

≤ e−q(1−r)te−
α

(
r−δ− 1√

2αt

)2
t

(1−r) . (3.20)

It follows from (3.16) that for r ∈ I,

q(1− r) +
α(r − δ − 1√

2αt
)2

(1− r)
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≥2α(ρ− 1)

(
1− δ − 1√

2αt

)
+ αρ2

(
aδ − r +

1

ρ
√
2αt

)2

≥2α(ρ− 1)(1− δ) + αρ2
(
ϵ− 1√

2αtρ

)2

−
√
2α(ρ− 1)t−1/2.

Then we continue the estimates in (3.20) to get that, if δ + 2√
2αt

< r < 1, then

e−q(1−r)tP

(
B1 ≥

√
2αt(r − δ)− 1√

1− r

)
≤ e−2α(ρ−1)(1−δ)te

−αρ2
(
ϵ− 1√

2αtρ

)2
t+

√
2α(ρ−1)

√
t
. (3.21)

Combining (3.18), (3.19) and (3.21), we get

lim sup
t→∞

e2α(ρ−1)(1−δ)t

t3(ρ−1)/2
I3(t) = 0.

The proof is now complete. 2

Proof of Lemma 3.3: By Lemmas 3.4-3.6, we have (3.11) holds. Hence, by the para-
graph above Lemma 3.4, the assertion of Lemma 3.3 follows. 2

3.2 Proof of Theorem 1.2: δ = 1− ρ

It follows from Lemma 2.5 that, to prove Theorem 1.2, we only need to consider the limiting
property of vf (t,

√
2αδt). It follows from Lemma 3.1 that for δ = 1− ρ < 0,

lim
t→∞

t−3(ρ−1)/4e(q+α(1−ρ)
2)tU1,f (t,

√
2α(1− ρ)t) = 0.

Thus, by the decomposition (2.10), to prove the desired result, it suffices to show that

lim
t→∞

t−3(ρ−1)/4e(q+α(ρ−1)2)tU2,f (t,
√
2α(ρ− 1)t)

=
1√
2π

∫ ∞

0

s3(ρ−1)/2e−αρ
2s2ds

∫ ∞

−∞
e−

√
2α(ρ−1)zA(wf (z))dz.

The display above follows from Lemmas 3.7 and 3.8 below. In Lemma 3.8, we will show that

t−3(ρ−1)/4e(q+α(1−ρ)
2)tP

(
M I

t ≤
√
2α(1− ρ)t, τ /∈

[
t− (log t)

√
t, t− t1/4

])
→ 0.

Thus, on the event
{
M I

t ≤
√
2α(1− ρ)t

}
, with large probability, the first branching time of

the skeleton should happens in the interval
[
t− (log t)

√
t, t− t1/4

]
.

Lemma 3.7 It holds that for any f ∈ H,

lim
t→∞

t−3(ρ−1)/4e(q+α(1−ρ)
2)tE

∫ (log t)
√
t

t1/4
e−

∫ t
s ζf (r,

√
2α(1−ρ)t−Bt−r) drĜf (s,

√
2α(1− ρ)t−Bt−s) ds

=
1√
2π

∫ ∞

0

s3(ρ−1)/2e−αρ
2s2ds

∫ ∞

−∞
e−

√
2α(ρ−1)zA(wf (z))dz.
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Proof: In this proof, we always assume that t ≥ 1 is large enough such that log t ≤
√
t.

Using an argument similar to that in the first paragraph of the proof of Lemma 3.2, we get
that, as t→ ∞,

E

∫ (log t)
√
t

t1/4
e−

∫ t
s ζf (r,

√
2α(1−ρ)t−Bt−r) drĜf

(
s,
√
2α(1− ρ)t−Bt−s

)
ds

∼E

∫ (log t)
√
t

t1/4
e−q(t−s)Ĝf

(
s,
√
2α(1− ρ)t−Bt−s

)
ds

=
√
t

∫ log t

t−1/4

e−q(t−u
√
t)√

2π(t− u
√
t)
du

∫
R
e
−
(mu

√
t
+z+

√
2α(ρ−1)t)

2

2(t−u
√
t) Ĝf

(
u
√
t,mu

√
t + z

)
dz. (3.22)

For u ∈ (t−1/4, log t), we have that

(mu
√
t + z +

√
2α(ρ− 1)t)2 =

(√
2α(ρ− 1)t+

√
2αu

√
t− 3

2
√
2α

log(u
√
t) + z

)2

=2α(ρ− 1)2t2 + 2αu2t+ 4α(ρ− 1)ut
√
t− 3(ρ− 1)t log(u

√
t)

+ 2
√
2α(ρ− 1)zt+R4(t, u, z),

where

R4(t, u, z) =

(
− 3

2
√
2α

log(u
√
t) + z

)2

− 3u
√
t log(u

√
t) + 2

√
2αu

√
tz

≥ −3(log t)2
√
t− 2

√
2α(log t)

√
t|z|.

Using the Taylor expansion of (1− x)−1, we obtain that, for u ∈ (t−1/4, log t),

1

2(t− u
√
t)

=
1

2t

1

1− u/
√
t
=

1

2t

(
1 +

u√
t
+
u2

t
+R5(t, u)

)
,

where |R5(t, u)| ≤ 2(log t)3t−3/2. Thus

(mu
√
t + z +

√
2α(ρ− 1)t)2

2(t− u
√
t)

=α(ρ− 1)2t+ qu
√
t− 3(ρ− 1)

4
log t

+ αρ2u2 +
√
2α(ρ− 1)z − 3

2
(ρ− 1) log(u) +R6(t, u, z).

Here limt→∞R6(t, u, z) = 0 and there is a positive function r∗(·) with limt→∞ r∗(t) = 0 such
that −R6(t, u, z) ≤ r∗(t)(1 + |z|) for all u ∈ (t−1/4, log t). Now, using (3.22), we get that

lim
t→∞

t−3(ρ−1)/4e(q+α(1−ρ)
2)tE

∫ (log t)
√
t

t1/4
e−

∫ t
s ζf (r,

√
2α(1−ρ)t−Bt−r) drĜf

(
s,
√
2α(1− ρ)t−Bt−s

)
ds

= lim
t→∞

∫ log t

t−1/4

√
t√

2π(t− u
√
t)
u3(ρ−1)/2e−αρ

2u2du

∫
R
e−

√
2α(ρ−1)ze−R6(t,u,z)Ĝf

(
u
√
t,mu

√
t + z

)
dz.

Using an arguments similar to those in the proof of Lemma 3.2, the desired result follows
from the the dominated convergence theorem. 2
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Lemma 3.8 It holds that for any f ∈ B+(R),

lim
t→∞

t−3(ρ−1)/4e(q+α(1−ρ)
2)tE

∫
[0,t]\(t1/4,(log t)

√
t)

e−
∫ t
s ζf (r,

√
2α(1−ρ)t−Bt−r) drĜf (s,

√
2α(1− ρ)t−Bt−s) ds

= 0.

Proof: We only need to show that

lim
t→∞

e(q+α(1−ρ)
2)t

t3(ρ−1)/4
E

∫
(0,t)\(t1/4,(log t)

√
t)

e−q(t−s)v2(s,
√
2α(1− ρ)t−Bt−s) ds = 0.

We prove the above result in three steps.
Step 1: By (3.12), we have that

E
(
v2(s,

√
2α(1− ρ)t−Bt−s)

)
≤ P

(
Bt ≤

√
2α(1− ρ)t

)
≤ 1

2
√
πα(ρ− 1)

√
t
e−α(ρ−1)2t.

Thus, for any T > 0,

e(q+α(ρ−1)2)t

t3(ρ−1)/4
E

∫ T

0

e−q(t−s)v2(s,
√
2α(1− ρ)t−Bt−s) ds

≤
∫ T

0

eqs ds
1

2
√
πα(ρ− 1)

√
t

1

t3(ρ−1)/4
→ 0, as t→ ∞. (3.23)

Step 2: Using arguments similar to those in the proofs of Lemmas 3.5 and 3.6, we get
that,

e(q+α(ρ−1)2)t

t3(ρ−1)/4
E

∫ t

√
t log t

e−q(t−s)v2(s,
√
2α(1− ρ)t−Bt−s) ds→ 0, as t→ ∞.

Step 3: Note that there exists T0 such that ms > 0 for all s > T0. Using Lemma 2.10, we
get that, for η small enough, there exist cη > 1 and Tη > 1 such that for T > Tη + T0,

E

∫ t1/4

T

e−q(t−s)v2(s,
√
2α(1− ρ)t−Bt−s) ds

=E

∫ t1/4

T

e−q(t−s)v2(s,m(s)− (m(s) +
√
2α(ρ− 1)t+Bt−s)) ds

≤c2η
∫ t1/4

T

e−q(t−s)E[e−2(
√
2α(ρ−1)−η)(m(s)+

√
2α(ρ−1)t+Bt−s) ∧ 1] ds. (3.24)

Similar to (3.15), we have that, for T < s < t1/4,

E[e−2(
√
2α(ρ−1)−η)(m(s)+

√
2α(ρ−1)t+Bt−s) ∧ 1]

≤Ct−1/2e−
(m(s)+

√
2α(ρ−1)t)2

2(t−s)

≤Ct−1/2t
3(ρ−1)

8 e−α(ρ−1)2t−qs (3.25)
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with C being a positive constant. Here in the last inequality, we used the fact that

(m(s) +
√
2α(ρ− 1)t)2

2(t− s)
=

(
√
2αρs− 3

2
√
2α

log s+
√
2α(ρ− 1)(t− s))2

2(t− s)

≥ α(ρ− 1)2(t− s) +
√
2α(ρ− 1)

(√
2αρs− 3

2
√
2α

log s

)
= α(ρ− 1)2t+ qs− 3

2
(ρ− 1) log s.

Putting (3.25) back to (3.24), we get that

e(q+α(ρ−1)2)t

t3(ρ−1)/4
E

∫ t1/4

T

e−q(t−s)v2(s,
√
2α(1− ρ)t−Bt−s) ds ≤ Ct−1/4t

−3(ρ−1)
8 → 0, as t→ ∞.

Now the proof is complete. 2

3.3 Proof of Theorem 1.3 : δ < 1− ρ

Note that, by Proposition 2.6, we have

vf (t, x) =E
[
e−

∫ t
0 ψ

′(λ∗+u∗f (t−r,x−Br)) dr, Bt ≤ x
]

+ E

∫ t

0

e−
∫ s
0 ψ

′(λ∗+u∗f (t−r,x−Br)) drĜf (t− s, x−Bs) ds.

Using the same arguments as those in [12, Lemma 1.5, page 1211] or [18, Proposition 2.9],
the above integral equation implies that

vf (t, x) = e−qtE
[
Bt ≤ x

]
+ E

∫ t

0

e−q(t−s)Gf (s, x−Bt−s) ds, (3.26)

where

Gf (t, x) : = Ĝf (t, x)− (ψ′(λ∗ + u∗f (t, x))− q)vf (t, x) (3.27)

=
1

λ∗

[
ψ(λ∗ + u∗f (t, x)− λ∗vf (t, x))− ψ(λ∗ + u∗f (t, x))

]
+ qvf (t, x).

It follows from Lemma 2.5 that, to prove Theorem 1.3, we only need to consider the
limiting property of vf (t,

√
2αδt). Using L’Hospital’s rule, one has that

lim
x→∞

P(B1 > x)

x−1e−x2/2
=

1√
2π

lim
x→∞

∫∞
x
e−y

2/2 dy

x−1e−x2/2
=

1√
2π
. (3.28)

It follows that

lim
t→∞

√
te(q+αδ

2)te−qtE
[
Bt ≤

√
2αδt

]
= lim

t→∞

√
te(q+αδ

2)te−qtE
[
B1 ≥

√
2α|δ|

√
t
]
=

1

2
√
πα|δ|

.

(3.29)
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Hence, by (3.26), to prove the desired result, we only need to prove that

lim
t→∞

√
te(q+αδ

2)tE

∫ t

0

e−q(t−s)Gf (s,
√
2αδt−Bt−s) ds

=
1√
2π

∫ ∞

0

e(q−αδ
2)s ds

∫
R
e
√
2αδzGf (s, z) dz,

which will follow from Lemmas 3.9 and 3.10 below. In Lemma 3.10, we will show that, for
any T > 0, √

te(q+αδ
2)tP

(
M I

t ≤
√
2αδt, τ ∈ [0, t− T ]

)
→ 0.

Thus, on the event
{
M I

t ≤
√
2αδt

}
, with large probability, the first branching of the skeleton

happens in the interval [t− T, t].

Lemma 3.9 If δ < 1− ρ, then for any f ∈ B+
b (R) and any T > 0, it holds that

lim
t→∞

√
te(q+αδ

2)tE

∫ t−T

0

e−q(t−s)Gf (s,
√
2αδt−Bt−s) ds

=
1√
2π

∫ ∞

0

e(q−αδ
2)s ds

∫
R
e
√
2αδzGf (s, z) dz.

Proof: Note that

√
te(q+αδ

2)tE

∫ t−T

0

e−q(t−s)Gf (s,
√
2αδt−Bt−s) ds

=

∫ t−T

0

√
t√

2π(t− s)
e(q−αδ

2)s ds

∫
R
e
√
2αδze−

(z−
√
2αδs)2

2(t−s) Gf (s, z) dz.

The absolute value of the integrand above is less than 1√
2π

√
1 + s/Te(q−αδ

2)se
√
2αδz|Gf (s, z)|,

thus by the dominated convergence theorem, it suffices to show that∫ ∞

0

√
s+ Te(q−αδ

2)s ds

∫
R
e
√
2αδz|Gf (s, z)| dz <∞. (3.30)

By (3.27), (2.28) and the fact that vf (t, x) ≤ v(t, x), we have that

|Gf (s, z)| ≤ ϕ(u∗f (s, z))vf (s, z) + Ĝf (s, z) ≤ ϕ(u∗f (s, z))v(s, z) + qv(s, z)2. (3.31)

We will prove (3.30) in two steps. Recall that k(t) = − logP∗(∥Xt∥ = 0).
Step 1: First we consider the integral over s ∈ (0, A), where A > 0 is a constant. Since

ϕ is increasing, by Lemma 2.7(1), ϕ(u∗f (s, z)) ≤ ϕ(k(s)). By lemma 2.9(1), v(s, z) ≤ P(Bs ≤
z) = P(B1 ≤ z/

√
s). Thus we have for 0 < s < A,∫ 0

−∞
e
√
2αδzϕ(u∗f (s, z))v(s, z) dz ≤ ϕ(k(s))

∫ 0

−∞
e
√
2αδzP(B1 ≤ z/

√
s)dz

=
√
sϕ(k(s))

∫ ∞

0

e
√
2α|δ|

√
szP(B1 ≥ z)dz ≤

√
sϕ(k(s))

∫ ∞

0

e
√
2α|δ|

√
AzP(B1 ≥ z)dz.
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Since P(B1 ≥ z) ∼ 1√
2π
z−1e−z

2/2 as z → ∞, we have
∫∞
0
e
√
2α|δ|

√
AzP(B1 ≥ z)dz <∞. Thus∫ 0

−∞
e
√
2αδzϕ(u∗f (s, z))v(s, z) dz ≤ C

√
sϕ(k(s)). (3.32)

For any ϵ > 0, since v(s, z) ≤ 1, we have∫ sϵ

0

e
√
2αδzϕ(u∗f (s, z))v(s, z) dz ≤ sϵϕ(k(s)). (3.33)

By (3.32), (3.33) and Lemma 2.8, for any ϵ > 0,∫ A

0

√
s+ Te(q−αδ

2)s

∫ sϵ

−∞
e
√
2αδzϕ(u∗f (s, z))v(s, z) dzds <∞. (3.34)

Since ϕ′(λ) = ψ′′(λ∗ + λ) is decreasing and ϕ(0) = 0, we have

ϕ(λ) ≤ ϕ′(0)λ. (3.35)

Thus, by (2.30),

ϕ(u∗f (s, z)) ≤ ϕ′(0)u∗f (s, z) ≤ C(1 + z−2/ϑ)e(a+α)s, z > 0.

Since v(s, z) ≤ 1, we have for 0 < s < A,∫ ∞

sϵ
e
√
2αδzϕ(u∗f (s, z))v(s, z) dz ≤ Ce(a+α)s

∫ ∞

sϵ
e−

√
2α|δ|z(1 + z−2/ϑ)dz

≤ Ce(a+α)A
[ ∫ Aϵ

sϵ
(1 + z−2/ϑ)dz +

∫ ∞

Aϵ

e−
√
2α|δ|z(1 + z−2/ϑ)dz

]
≤ C(1 + sϵ(1−2/ϑ)).

Now we choose ϵ small enough such that ϵ(2/ϑ− 1) < 1. Thus∫ A

0

√
s+ Te(q−αδ

2)s

∫ ∞

sϵ
e
√
2αδzϕ(u∗f (s, z))v(s, z) dzds <∞. (3.36)

Combining (3.34) and (3.36), we obtain that∫ A

0

√
s+ Te(q−αδ

2)s

∫ ∞

−∞
e
√
2αδzϕ(u∗f (s, z))v(s, z) dzds <∞. (3.37)

Step 2: By Lemma 2.7(1), sups>A e
qsk(s) = eqAk(A) <∞. Hence we have for s > A,

ϕ(u∗f (s, z)) ≤ ϕ′(0)u∗f (s, z) ≤ ϕ′(0)k(s) ≤ ϕ′(0)eqAk(A)e−qs.

Thus we get that, for s > A,∫
R
e
√
2αδzϕ(u∗f (s, z))v(s, z) dz ≤ Ce−qs

∫
R
e
√
2αδzv(s, z) dz

=C
√
2αse−qse−

√
2αδ

√
s

∫
R
e2αδsθv(s,

√
2αθs−

√
s) dθ. (3.38)
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We will divide the above integral into three parts:
∫∞
1

+
∫ 1

1−ρ+
∫ 1−ρ
−∞ . We deal with them

one by one. Using Lemma 2.9(2), we have that for A > t0 and s > A,∫ ∞

1

e2αδsθv(s,
√
2αθs−

√
s) dθ ≤

∫ ∞

1

e−2α|δ|sθ dθ =
1√

2α|δ|s
e−2α|δ|s,

∫ 1

1−ρ
e2αδsθv(s,

√
2αθs−

√
s) dθ ≤ cs

∫ 1

1−ρ
e2αδsθe−2α(ρ−1)(1−θ)s dθ

≤ csρe−2α(ρ−1)(ρ+δ)s,

and ∫ 1−ρ

−∞
e2αδsθv(s,

√
2αθs−

√
s) dθ ≤ cs

∫ 1−ρ

−∞
e2αδsθe−(q+αθ2)s dθ

=cse(−q+αδ
2)s

∫ 1−ρ

−∞
e−αs(θ−δ)

2

dθ ≤ Cs1/2e(−q+αδ
2)s.

For δ < 1− ρ, one can check that

2αδ ≤ −2α(ρ− 1)(ρ+ δ) ≤ −q + αδ2.

Thus for s > A, ∫ ∞

−∞
e2αδsθv(s,

√
2αθs−

√
s) dθ ≤ Cse(−q+αδ

2)s. (3.39)

It follows from (3.38) and (3.39) that∫ ∞

A

√
s+ Te(q−αδ

2)s ds

∫
R
e
√
2αδzϕ(u∗(s, z))v(s, z) dz

≤C
∫ ∞

A

√
s+ Ts2e−qse−

√
2αδ

√
s ds <∞.

Combining the two steps above, we get∫ ∞

0

√
s+ Te(q−αδ

2)s ds

∫
R
e
√
2αδzϕ(u∗f (s, z))v(s, z) dz <∞.

Similarly, one can prove that∫ ∞

0

√
s+ Te(q−αδ

2)s ds

∫
R
e
√
2αδzv(s, z)2 dz <∞.

Hence (3.30) holds and the desired result follows immediately. 2

Lemma 3.10 If δ < 1− ρ, then for any f ∈ B+
b (R) and T > 0,

lim
t→∞

√
te(q+αδ

2)tE

∫ t

t−T
e−q(t−s)Gf (s,

√
2αδt−Bt−s) ds = 0.
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Proof: Note that

E

∫ t

t−T
e−q(t−s)|Gf (s,

√
2αδt−Bt−s)| ds =

∫ T

0

e−qsE|Gf (t− s,
√
2αδt−Bs)| ds

=

∫ T

0

e−qsE[|Gf (t− s,
√
2αδt−Bs)|;Bs < −(ϵt−

√
t)] ds

+

∫ T

0

e−qsE[|Gf (t− s,
√
2αδt−Bs)|;Bs ≥ −(ϵt−

√
t)] ds,

where ϵ < 1− ρ− δ is a small constant.
By (3.35) and Lemma 2.7(1), supt>1 ϕ(u

∗
f (t, x)) ≤ ϕ′(0) supt>1 u

∗
f (t, x) ≤ ϕ′(0)k(1) < ∞.

Since v(t, x) ≤ 1, we have supt>1 supx |Gf (t, x)| < +∞. Hence we have, for t > 1 large
enough, and s ∈ (0, T ),

E
[
|Gf (t− s,

√
2αδt−Bs)|;Bs ≤ −(ϵt−

√
t)
]
≤ CP

(
Bs ≥ (ϵt−

√
t)
)

≤C
√
s

ϵt−
√
t
e−(ϵt−

√
t)2/(2s) ≤ C

√
T

ϵt−
√
t
e−(ϵt−

√
t)2/(2T ),

where in the second inequality, we used (2.38).
Thus for any ϵ > 0, as t→ ∞,

√
te(q+αδ

2)t

∫ T

0

e−qsE
[
|Gf (t− s,

√
2αδt−Bs)|;Bs < −(ϵt−

√
t)
]
ds→ 0.

Note that if Bs ≥ −(ϵt−
√
t), then

√
2αδt−Bs ≤

√
2α(δ + ϵ)t−

√
t ≤

√
2α(δ + ϵ)(t− s)−

√
t− s.

Using Lemma 2.9(2) with θ = δ + ϵ < 1− ρ, for t > t0 + T and s ∈ (0, T ),

v(t− s,
√
2αδt−Bs) ≤ v(t− s,

√
2α(δ + ϵ)(t− s)−

√
t− s) ≤ cte−q(t−s)e−α(δ+ϵ)

2(t−s).

By Lemma 2.7(1), we have that for t ≥ t0 + T and s ∈ (0, T ),

ϕ(u∗f (t− s,
√
2αδt+ z)) ≤ ϕ′(0)u∗f (t− s,

√
2αδt+ z)

≤ϕ′(0)k(t− s) ≤ ϕ′(0)eqt0k(t0)e
−q(t−s).

Thus, by (3.31), we get that, if Bs ≥ −(ϵt−
√
t),

|Gf (t− s,
√
2αδt−Bs)| ≤ Ct2e−2q(t−s)e−α(δ+ϵ)

2(t−s)

≤Ce2qseα(δ+ϵ)2st2e−2qte−αδ
2te−2αδϵt. (3.40)

It follows that, as t→ ∞,

√
te(q+αδ

2)t

∫ T

0

e−qsE[|Gf (t− s,
√
2αδt−Bs)|;Bs ≥ −(ϵt−

√
t)] ds

≤Ct5/2e−(q+2αδϵ)t

∫ T

0

eqseα(δ+ϵ)
2sds ≤ Ct5/2e−(q+2αδϵ)t → 0, (3.41)

if we choose ϵ small enough such that q + 2αδϵ > 0. The proof is now complete. 2
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A Appendix

Lemma A.1 For k ≥ 1,
P(∥Zt∥ ≤ k) ≤ ke−qt.

Proof: Let Z ′
t be a continuous time branching process with branching rate q, and when a

particle dies, it splits into two particles. Then Z ′
t is a pure birth process, and the distribution

of Z ′
t is given by

P(Z ′
t ≤ k) = 1− (1− e−qt)k.

According to the definition of Zt, each particle splits into at least two children (p0 = p1 =
0), then we get that

P(∥Zt∥ ≤ k) ≤ P(Z ′
t ≤ k) = 1− (1− e−qt)k ≤ ke−qt.

2

Proof of Lemma 2.10: Since v(t,mt− z) ≤ 1, it is clear that the desired result is valid
for z < 1. In the following, we only need to consider the case z ≥ 1. Put a∗ =

√
2α(ρ− 1)/q.

Assume that η ∈ (0, a∗/2) and t ≥ 1.
(i) First we deal with the case z > a∗

η

√
t. Since for any θ,

q + αθ2 − 2α(ρ− 1)(1− θ) = α(ρ− 1 + θ)2 ≥ 0,

which implies that
q + αθ2 ≥ 2α(ρ− 1)(1− θ). (A.1)

Then by Lemma 2.9(2), one has that there exist t0 > 1 and c > 0 such that, for any t > t0
and θ < 1,

v(t,
√
2αθt−

√
t) ≤ P(MZ

t ≤
√
2αθt−

√
t) ≤ cte−2α(ρ−1)(1−θ)t, (A.2)

where in the last inequality we used (A.1) to get an uniform upper bound for the two cases

in Lemma 2.9(2). Thus, using the above inequality with θ = 1 − z−
√
t√

2αt
< 1, we get that for

any t > t0,

P(MZ
t ≤ mt − z) ≤ P(MZ

t ≤
√
2αt− z) = P(MZ

t ≤
√
2αθt−

√
t)

≤ cte−
√
2α(ρ−1)(z−

√
t) ≤ cz2e−

√
2α(ρ−1)zeqηz, (A.3)

where in the final inequality, we use the fact that t ≤ ( η
a∗
z)2 ≤ z2 and

√
2α(ρ − 1)

√
t =

qa∗
√
t ≤ qηz.

(ii) Now we consider the case z ∈ [1, a
∗

η

√
t]. Put K := [a∗/η]. Note that K ≥ 1. Define

sn = ηzn. In the following, we always assume that t is large enough such that sK < t. Note
that

P(MZ
t ≤ mt − z) ≤ P(∥ZsK∥ ≤ z2) +

K∑
l=1

P
(
∥Zsl−1

∥ ≤ z2 < ∥Zsl∥,MZ
t ≤ mt − z

)
. (A.4)
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By Lemma A.1, we have that

P(∥ZsK∥ ≤ z2) ≤ z2e−qsK = z2e−qηKz ≤ z2eqηze−
√
2α(ρ−1)z. (A.5)

Now we deal with the second part of the right-hand side of (A.4). For any s ≥ 0, let Ls
be the set of all particles of Z alive at time s. Suppose 1 ≤ l ≤ K. Note that for any

u ∈ Lsl , zu(sl)
d
= Y ∼ N(0, sl). Let M

Z,u
t := maxv∈Lt,u≼v zv(t) − zu(sl), for any u ∈ Lsl . By

the branching property of Z, given σ(∥Zs∥, s ∈ [0, sl]), {MZ,u
t , u ∈ Lsl} are i.i.d. with the

same distribution as (MZ
t−sl ,P), and independent of {zu(sl), u ∈ Lsl}. It is clear that

MZ
t = max

u∈Lsl

[zu(sl) +MZ,u
t ].

It follows from [14, Lemma 5.1] that

P
(
MZ

t ≤ mt − z
∣∣σ(∥Zs∥, s ∈ [0, sl])

)
≤P

(
Y + max

u∈Lsl

MZ,u
t ≤ mt − z

∣∣∣σ(∥Zs∥, s ∈ [0, sl])

)
Since Y is independent of σ(∥Zs∥, s ∈ [0, sl], we continue the above estimation:

P
(
MZ

t ≤ mt − z
∣∣σ(∥Zs∥, s ∈ [0, sl])

)
≤P(Y ≤ mt −mt−sl − z) +P

(
max
u∈Lsl

MZ,u
t ≤ mt−sl |σ(∥Zs∥, s ∈ [0, sl])

)
=P (Y ≤ mt −mt−sl − z) +

[
P(MZ

t−sl ≤ mt−sl)
]∥Zsl

∥
.

Thus

P
(
∥Zsl−1

∥ ≤ z2 < ∥Zsl∥,MZ
t ≤ mt − z

)
≤P

(
∥Zsl−1

∥ ≤ z2 < ∥Zsl∥)P(Y ≤ mt −mt−sl − z
)
+
[
P(MZ

t−sl ≤ mt−sl)
]z2

.

Since t−sl ≥ t−sK ≥ t−a∗z ≥ t− (a∗)2

η

√
t→ ∞ as t→ ∞ and limt→∞ P(MZ

t ≤ mt) ∈ (0, 1),
there exist t(η) > 1 and c0 > 0 such that for all t > t(η),

[P(MZ
t−sl ≤ mt−sl)]

z2 ≤ e−c0z
2

. (A.6)

As mt−mt−sl − z ≤ −z(1−
√
2αηl) and

√
2αηl ≤

√
2αηK ≤ 2α(ρ−1)

q
= 2

ρ+1
< 1, we have by

Lemma A.1,

P
(
∥Zsl−1

∥ ≤ z2 < ∥Zsl∥
)
P (Y ≤ mt −mt−sl − z)

≤z2e−q(l−1)ηzP
(
Bsl ≤ −z(1−

√
2αηl)

)
=z2e−q(l−1)ηzP

(
B1 ≥

√
z
( 1√

ηl
−

√
2α
√
ηl
))

≤ 1√
2π
z3/2e−q(l−1)ηz

( 1√
ηl

−
√
2α
√
ηl
)−1

e
− 1

2
( 1√

ηl
−
√
2α

√
ηl)2z
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≤ 1√
2π

(
1√
a∗

−
√
2α

√
a∗
)−1

z3/2eqηze−
√
2α(ρ−1)z. (A.7)

Here in the second inequality we used (2.38), and in the final inequality we used the facts
that ηl ≤ ηK ≤ a∗ and 1

2
( 1√

ηl
−

√
2α

√
ηl)2 + qηl = (α + q)ηl + 1

2lη
−
√
2α ≥

√
2α(ρ− 1).

Combining (A.3)-(A.7), we get that for any η ∈ (0, a∗/2), there exist tη and c0, C > 0
such that for t > tη + t0 and z ≥ 1,

P(MZ
t ≤ mt − z) ≤ C(z2eqηze−

√
2α(ρ−1)z + e−c0z

2

).

Since z2 ≤ 2(qη)−2eqηz, and c0z
2 ≥ qa∗z − (qa∗)2

4c0
, thus

P(MZ
t ≤ mt − z) ≤ C

(
2(qη)−2 + e

(qa∗)2
4c0

)
e2qηze−

√
2α(ρ−1)z.

The proof is now complete. 2

Lemma A.2 For any x ∈ (0, 1) and c ∈ R,

q(1− x) +
α(x− c)2

1− x
≥ 2α(ρ− 1)(1− c) + αρ2

(
1− 1− c

ρ
− x
)2
.

Proof: Note that the function (0,∞) ∋ x → g(x) = a21x +
a22
x

achieves its minimum 2a1a2
at the point x = a2/a1 and for any x > 0,

g(x) = 2a1a2 +
a21
x
(x− a2/a1)

2. (A.8)

Then we have that for any x ∈ (0, 1)

q(1− x) +
α(x− c)2

1− x
= (α + q)(1− x) +

α(1− c)2

1− x
− 2α(1− c)

= α[ρ2(1− x) +
(1− c)2

1− x
− 2(1− c)]

= α
[
2(ρ− 1)(1− c) +

ρ2

1− x

(
1− 1− c

ρ
− x

)2 ]
≥ 2α(ρ− 1)(1− c) + αρ2

(
1− 1− c

ρ
− x
)2
,

where in the third equality we used (A.8). 2
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