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Abstract
Let Zt(o’oo) be the point process formed by the positions of all particles alive at time ¢ in
a branching Brownian motion with drift and killed upon reaching 0. We study the asymp-
totic expansions of Zt(o’oo)(A) for A = (a,b) and A = (a,00) under the assumption that
> ne, k(log k) Apy, < oo for large A in the regime of § € [0,v/2). These results extend and
sharpen the results of Louidor and Saglietti [J. Stat. Phys, 2020] and Kesten [Stochastic Pro-
cess. Appl., 1978].
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1 Introduction and main results

1.1 Introduction

A branching Brownian motion with drift is a continuous-time Markov process defined as follows:
At time 0, there is a particle at site  and it moves according to a Brownian motion with drift —6,
where 6 € R. After an exponential time of parameter 1 independent of the movement, this particle
dies and it splits into k offspring with probability pi. Each of the offspring independently repeats
its parent’s behavior from their birth-place. This procedure goes on. We use P, and E, to denote
the law of this process and the corresponding expectation operator. Let N (t) be the set of particles
alive at time ¢ and for each u € N(t), we will use X, (¢) to denote the position of the particle. For
s <t and u € N(t), we will also use X, (s) to denote the position of the ancestor of u at time s.

Suppose now that x > 0 and that, once a particle hits (—oo, 0], we remove it (along with all its
possible descendants) from the system. The resulting branching system is called a branching killed
Brownian motion with drift. Let Zt(o’oo) denote the point process formed by the positions of all the
particles alive at time ¢ in the branching killed Brownian motion with drift, i.e.,
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Assume that
x
Z kpr = 2.
k=0
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Kesten [I7] proved that for any 6 € R, there exists a constant C' = C(x,0) > 0 such that
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E, (2°(0,00)) ~{ v, 6=0.
Cel, 6 <0.

Consequently, when 6 > /2, the branching killed Brownian motion with drift will die out. It was
proved in [I7] that, when 6 < v/2 and Y 32, k?pj, < 00, the branching killed Brownian motion with
drift will survive with positive probability. In [17], Kesten also stated, without proof, that under
the assumption Y po, k?pr < oo, there exists a random variable W (6) such that

P, (W(e) > 0]2{%%9((0,00)) > 0, Vt > o) —1 (1.1)

and that
(i) If 6 € [0,v/2), then P,-a.s., simultaneously for all intervals A C (0,00) (finite or infinite), it
holds that

(0,00)
2(8) 2% W (). (1.2)
E (7))

(ii) If @ < 0, then P -a.s.,
et 7%°9)((0, 00)) =X W (6).

In [2], Louidor and Saglietti proved that and hold for the case 6 € (0,v/2).

The purpose of this paper is to extend and sharp the main result of [21]: We weaken the moment
condition from > 3%, k%pg < 00 to 322, klog' ™ kpy < oo for some A > 0 and, for any a > 0, give
asymptotic expansions of arbitrary order for

2% ((a, 00))

t_3/2€(1—%)t

under this weaker assumption. We emphasize here that we do not use the results of [2I] in this
paper and that, as a consequence of Theorem below, we give another proof of under the
weaker condition. We also include the case § = 0. It is natural to study similar problems for the
case 8 < 0. We believe things might be different in this case and we plan to tackle this in a future
work.

For other recent results on branching killed Brownian motion with drift, see [3} [4} 5] 6l [7, 14,
15], 19, 20], 22] and references therein. For asymptotic expansions for branching random walks and
branching Wiener processes, see [8, 9, [10, [1T], 12} 13, 24] and references therein.

1.2 Main results

We will assume that

k(log k) py, < oo, (1.3)
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for some A > 0. Let Hj be the k-th order Hermite polynomial: Hy(z) := 1 and for k > 1,

[k/2] ;
_ EU=1)7 o
Hy(x) := g Sk 21 (k‘—2j)!$ I,

=0

It is well known that, if {(Bt)i>0,Ilp} is a standard Brownian motion, then, for any k£ > 1,
{tF/2H},(By/V/'t),0(Bs : s < t), Tlp} is a martingale. Throughout this paper N = {0,1,2---}.
Now for 6 € [0,+/2) and k € N, we define

e Xult
Mt(2k+179) = e (077 Z Limin, <, Xu(S)>O}€axu(t)t(2k+1)/2HQk+l ( ( )> , =0, (14)
weN(?) - Vi

We will prove later (see Proposition that, for any > 0, k € N and 6 € [0,v2), M t2k+1 9

is a martingale, and if holds for some large A, then M, (2k+1 9 converges to a limit Mg (2k+1,6)
P,-almost surely and in Ll(IP’ ).

Theorem 1.1 Assume the drift 0 is in (0,v/2). For any given m € N, if (1.3) holds for some
A > 6m + 6, then for any x > 0,a > 0, P,-almost surely, as t — oo,

7>((a, 0))
t_g/ge(lfﬁ)t

¢ (2k+1,0) o
H21z+2 Moo / 2W—2k+1_—0 -
“d t=m).
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k:0

Note that, from Theorem one can immediately get the asymptotic expansion of
07
7" ((a,b))
+—3/2¢t

for any finite interval (a,b) C (0,00). For the case § = 0, the result is a little bit different. For
finite intervals, the normalization function is the same as in Theorem For infinite intervals, the
normalization function is different.

Theorem 1.2 Assume that the drift 0 is 0. For any given m € N, if (1.3)) holds for some \ >
6m + 6, then
(i) for any x > 0,b > a > 0, P,-almost surely, as t — oo,

2> ((a,b))
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(ii) for any x > 0,a > 0, Py-almost surely, ast — oo,
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Remark 1.3 Note that we only dealt with the case that the branching rate is 1 and the mean
number of offspring is 2 in the two theorems above. In the general case when the branching rate
is B > 0 and the mean number of oﬁsprmg is > 1, one can use the same argument to prove

the following counterpart of Theorem : Let 6 € (0,/28(n—1)). For any given m € N, if ([1.3)
holds for some A > 6m + 6, then for any x > 0,a > 0, Py-almost surely, ast — oo,

7% ((a, <))
—3/20(Bu—1)— %)t

¢ (2k+1,0) o
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with Méﬁ’““"’) given by

' - e Xu(t
MEHO = Jim ¢ (D=5 § 1{mms<tXU<s>>o}e”““)t(z’““)/zﬂ%ﬂ( \/(,;)) (1.5)
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The counterpart of Theorem in the general case is as follows: For any given m € N, if ([1.3))
holds for some A > 6m + 6, then
(i) for any x > 0,b > a > 0, P,-almost surely, as t — oo,

7% ((a,b))
t=3/2eB(p—1)t

¢ (2k+1,0) b
Hze+2 M5 / 20— 2k+1 —my.
\[Z 'S @kt 2l —2kt+ 10/, © dz+o(t™™);
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(ii) for any x > 0,a > 0, P,-almost surely, as t — oo,

Z(o oo) H ¢ M(2k+1 0)
28T f 2 2t Z @ o),
1/265 = 1 — (2k +1)1(2¢ — 2k)!

with MEZFL0) given in (1.5)).

Note that if "2, kE'*¢p, < oo for some € > 0, then the conclusions of Theorems and
hold for all m € N.

Our strategy for proving these two theorems is as follows. We will choose appropriate k > 1
and define

1
rpi=mnx, n €N,

We first study the asymptotic expansion along {r, : n € N}, which is given by Proposition
and then control the behavior for ¢ € (1, r,41), see Lemma below. Once we have Proposition
and Lemma the proofs of Theorems and are straight-forward. To prove Proposition
we first show that Zﬁf}m) (A) =~ E, (Z,(,S’oo)(A)U:\/ﬁ), where F; is the o-field generated by the
branching Brownian motion with drift up to ¢, see Lemma [3.2] below for more details. We then
prove Proposition with the help of two series expansions for the normal distribution (see Lemma
and Lemma i and the convergence rate for martingales Mt(%“’e) see Proposition . To

we first give a lower bound of Z; (0,00) (A) (see Lemma , then accomplish the

prove Lemma

proof of Lemma (3.5 by proving an upper bound of Z, ©, Oo)((O, 00)).



2 Preliminaries

2.1 Spine decomposition
Define

P u 1
dPy | _ Zueng , (2.1)
dP, | - et

t

then, under P, the branching Brownian motion has the following spine decomposition(see [1§], or
[23] for a more general case):

(i) there is an initial marked particle at z € R which moves according to standard Brownian
motion with drift —6;

(ii) the branching rate of this marked particle is 2 R R

(iii) when the marked particle dies at site y, it gives birth to L children with P, (L = k) = kpy/2;

(iv) one of these children is uniformly selected and marked, and the marked child evolves as
its parent and the other children evolve with law P, where P, denotes the law of a branching
Brownian motion starting at y, and all the children evolve independently.

We use & and X¢(t) to denote the marked particle at time ¢ and the position of this marked
particle respectively. By [23, Theorem 2.11], we can get that for u € N(t),

-
ZuEN(t) i

Using (2.2)), we get the following many-to-one formula:

P, (ft = U‘Ft) = (2'2)

Lemma 2.1 For any x € R, t > 0 and u € N(t), let I'(u,t) be a non-negative Fi-measurable
random variable. Then

E( Y Twt) =By (D(E.1).

ueN(t)

Proof: Combining (2.1)) and (2.2), we get

E( Y Tluwn) =B 3 Z D) e (3 rwiP (& = o))

wEN () ueN(t) —VEN() uEN ()
=By (B 1{gt:u}r<u,t>»ft)) = B (&) Y ljgmy) = ¢'Bu (T(E1)).
u€eN(t) ueN(t)

2.2 Some useful facts

Lemma 2.2 (i) Let £ € [1,2]. Then for any finite family of independent centered random variables
{X;:i=1,...,n} with B|X;|* < oo for alli=1,...,n, it holds that

n n
EY x| <2Y EIX[
=1 i=1

(i4) For any £ € [1,2] and any random variable X with E|X|* < oo,

E|X — EX|' SE|X|* < (EX?)Y/2.



Proof: For (i), see [25, Theorem 2]. (ii) follows easily from Jensen’s inequality. |
We will use II;? and II, to denote the laws of a Brownian motion with drift —6 starting
from x and a standard Brownian motion starting from z respectively. Let ¢(z) := — —z?/2

T a ﬁe
®(x) = [Z ¢(y)dy.
Lemma 2.3 (i) Let (By,11}) be a 3-dimensional Bessel process with transition density

—(y—x)?/(2t) _
1 1 ye T AN Yy ( (y x> B (y+x)>'
Py (l’, y) {y>0} .ZL’\/% < € ) {y>0} .fC\/i Qb \/i QS \/g
Then for any 0 € [0,v/2), we have

and

drrl

- Bteé(Btf:r)Jr%t
drr;?

7 l{minsgt Bs>0}-
o (Bs:s<t)

(ii) For any t,z,y > 0,

2 2
V" ()2 Y
pi(z,y) < 32° (om0 < B

Proof: (ii) follows from the inequality 1 — e~ < z,z > 0. For (i), note that under II;, both

Bt 02
—0(Bt—x)— 5t
zl{minsgt Bs>0} and e (Be=e) =7

are mean 1 non-negative martingales and that we have the following change-of-measure:

drt} B; drr; (B 2
= —1 ing<; Bs>0 and L =e ( t_x)_Tt.
Al [o(pscty {minsge Bo>0} dlly |;(p,.s<t)
Therefore, (i) follows from
1 2

drt} dr1} L[ Byefl(Bimm)+ 5t ,
— = = mins Bs 0}
dee o(Bs:s<t) de o(Bs:s<t) dHQ’ o(Bs:s<t) T t <t Bo>0}

Lemma 2.4 (i) Let § € (0,+/2). For any z,t > 0 and Borel set A C (0,00), it holds that

2 2
11, ° <minBS >0,B; € A) = \/79369”325_3/26_0“ (/ ye dy + 5A(x,t)) ,
s<t s A
with € 4(x,t) satisfying
1 2
lea(z, )] < Co (1 A (“;)>

for some constant Cy depending on 6 only. In particular, for any fized 0 € (0,+/2),
H;e(rggi? By >0,B; € A) < xeextf?’/Qe*%t.
(ii) For any Borel set A C (0,00) and xz,t > 0, it holds that
Hf(r?gi? By >0,B; € A) S ot P uptyye Ay=oo} T 0 P Luptyye A} <oo)
(i4i) For any x,t > 0, 0 € [0,4/2) and Borel set A C (0,00), it holds that

2
97 ¢

% (B; € A) < e 7t



Proof: For (i), see [21, Lemma 3.1]; for (ii), when sup{y : y € A} = oo, by the reflection principle
for Brownian motion, we have

When sup{y : y € A} < 0o, by Lemma [2.3]

. 14(By) 1 T T
_ T APt — -1 < 7 <
Hx<r§1§1? Bs>0,B; € A) 21, <Bt ) a:/A ypt (x,y)dy < 37 /Aydy S G

For (iii), by Girsanov’s theorem,

2
7 (By € A) TLY (By > 0) = I (e "B 0= 50 5 ) ) < e 50,

a
Lemma 2.5 (i) For any k > 1 and = € R,
|Hy ()] < 2vkle™ /.
Consequently, it holds that
sup |o(y)Hi (y)| < \Fsupe v/ = \/>\/H
yER yER m
(ii) For any k € N, there exists a constant C(k) such that for all x € R,
[ Hoeir (0)] < CR)Ja] (Jaf +1).
Proof: For (i), see [12, (4.1) ]; (ii) follows from the definition of Hogi1(x). 0
Lemma 2.6 For any p € (0,1),b,z € R, it holds that
oL o) 2 Hi (D ()
— | = — x).
L—p? il ol
Proof: See [12, Lemma 4.2.]. O
Recall that r, = n'/%. Applying Lemmaﬂwmh p="Tn /4 , b= rﬁl/gz and ¢ = 7“;1/43;, we get
that for any z,y € R,
S N I Y G Z kA Y
¢<m—ﬁ)_¢Qﬂ> ( >ZMW2 (wﬁ ]h<“>
Noting that, for any k € N, Hoy is an even function and Hogy1 is an odd function, we get that
ol 2ty \_of_2-v
Tn — \/E Tn — \/ﬁ
z > 1 1 z
_ A (2k+1)/4 Yy
2¢ <\/ﬁ> kZO 2k +1)! T7(12k+1)/2H2k (\/7‘7) Ty Hop 1 (r}ﬂ‘) . (2.3)



Lemma 2.7 For any given m € N and k > 1, let K > 0 be a fized constant and J be an integer
such that J > 2m + % Then for any y,z € R, it holds that

o 2ty ) _o(_2ZY
Tn —/Tn Tn —\/Tn
z J 1 1 5
_ < (2k+1) /4
-2 <\/E> kZ_O (2k + 1)! . (2k+1)/2 Hop, (W) n Hojpq (

: z€R, |yl < \/K\/rnlogn} "%

Proof: By Lemma (i), for all k > 1, z € R and |y| < \/K/r;, logn,

) +emyzne  (2.4)

ﬂ»A
3\ <@

with

,r,7(12m+1)/2 sup {

Tgmﬂ)/z ! i z (2k+1)/4 Y

(2% + 1)t 072 ¢(\F> H%(\F) e
(2m-+1)/2

RS e ﬁ 97 n(2h—1—4m)/(4)

Combining this with (2.3]), we get that (2.4]) holds with

' sup |Emy,znl
2€R,|y|<+/K\/Tn logn
Vo Z (2k—1 14 )/ (r) g 2(J+1) 1 am)/(4 )”K/4
- m K ~ +1)—1—4m K ’
g1 n
which tends to 0 is since J > 2m + K£=1 R L O

Taking derivative with respect to b in Lemma [2.6] and using the fact that

SE00) = (-1 Hy o (0)6(0), (2:5)

we get that

1 b—pxr | > pi:
- _p2¢> <ﬂ> ; T Hr(0) H (). (2.6)

Taking p = ry, S1/4 , b= 7{1/22 and r = r;1/4y in (2.6, we get that for any z,y € R,

\/Tﬁﬁ¢<\/ri:y\/ﬁ> ¢< ><1+Zk' it (\/’%) 54 < 1/4>>.(2.7)

Noting that, for any k£ € N, Hy, is an even function and Hop41 is an odd function, we deduce from

@7 that
= <¢< = > (b( — ))
N N Tn— /T
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z > 1 1 z
_ (2k-+1)/4 Y
=2¢ <m> Z 2+ 1)! ngkﬂ)/szkH <m> T Hopq (T%M) :

k=0

Using an argument similar to that leading to Lemma we also have the following lemma. We
omit the proof.

Lemma 2.8 For any given m € N and k > 1, let K > 0 be a fived constant and J be an integer
such that J > 2m + % Then for any y,z € R, it holds that

2w (2w ()
Tn —/Tn Tn —/Tn Tn —/Tn

J
z 1 1 z
_ (2k+1) /4 Y
=2 (m) Zﬁ @k 1 1)1 @7z ke <\/7§> ran ke ( /4) T Emy

1
k=0 Tn

rf{‘“ sup {\5m7y727n7,€] : z€R, |yl <A/ K\ logn} 300,

3 Proofs of the main results

with

3.1 Convergence rate for the martingales

Proposition 3.1 Suppose > 0 and 0 € [0,+/2) (i) For any k € N, {Mt(%ﬂ’a),t >0; P} isa
martingale. (i) If (1.3)) holds for some X\ > k, then Mt(%H’G) converges to a limit Méﬁ’“”"’) P.-a.s.
and in L'(P;). Moreover, for any n € (0,A —k), as t — oo,

Mt(2k+1,0) . Mégkﬂ,e) _ o(t_(’\_k)+77), P,-a.s.

Proof: (i) We will use v < u to denote that v is an ancestor of v and v < u to denote v = u or
v < u. By the Markov property and Lemma for any t,s > 0,

2k+1,0 —(1-9%Y(t4s
E, <Ms(+t+1 )\}}) — o~ (1=5)(t+s) Z 1{minT§tXU(r)>0}(t+3)(2k+1)/2

vEN(t)
Xu(t + 5)
X EXU(t) Z 1{min’7‘<s Xv(t+r)>0}€9XU(t+S)H2k+1 <> ‘J__,t
uGN(t+s):v§u - \/m
02
— o (1=F)(t+s) Z 1{minT§th(T)>0}
veEN(t)
Xe(s
ﬁ S
—. o (=) (t+s) Z 1{miantXU(7‘)>0}F(S,t7X,U(‘[:)). (3.1)
veEN(t)

Note that X¢(s) under P, is a standard Brownian motion with drift —6. It follows from Lemma
9.3 (i) that

7& 5 60X, 4 (t+5)(2k+1)/2 Bs
Fls 1, Xo() = 0= 50, (00T, <BHk+ N

9



N (1 + 5)@h+1)/2
_ 08 )X( 9th)/ ) H2k+1< y )

Y Vi+s
y y — Xy(t) y+X
s (R ) e (FEY)) v
(b y— Xv ¢ y—&—X;j()
_ (1-2)s 0, ( t)/ (t + 5)@HD/2p, 1< t+s> ( e < Vs >dy.

Using the fact that Hogi1(+) is an odd function and that ¢(-) is an even function, we have

92 o0 Y qb(y_fjg(t))
Flsit, X,(0) = =50 [ () (m) i

(1-2Ys 60X, (t) / (2k+1)/2 Vi+s (\/t ¥ sz — Xv(t)>
=e\" T 2% t+s H. z dz.
8 ( ) 2k+1( ) \/g ¢ \/g

Taking p := \/t/(s +t),b =z, = X,(t)/Vt in ([2.6)), we see that

VEFs  (VEitsz— X)) =21 X, ()
- ¢< = )—¢<z>+¢(z>é:1ﬂwm<z>m< ¢ )

Combining these with Lemma (1) and the fact ¢(z)622/4 < e=**/4, we can easily get that for any
s,t >0,y € R, the series

> /2 1

Y
> e ()

is uniformly convergent in z € R. Now applying the property ffooo Hp(2)Hp(2)9(2)dz = 6 nn!,
we get

Hopy1 (2) 9(2)

F(s,t, X,(t))

o0 (2k+1)/2 g Y0
=8 ox, () (2k+1)/2 t 2641 (2) #(2) Xo(t)
o /—oo(HS) (2k + 1)! (t + 5)2k+D)/2 5 Hot1(2) Happ1 )&

2
(=58 0GR 2 <X\v/(;)> _

Plugging this into (3.1]), we get (i).
(i) Suppose ([1.3) holds for some A > k. If the first assertion of (ii) holds along t =n €N, then

it is valid along all ¢ since for t € (n,n + 1), Mt(%ﬂ’e) =E, (Mnikl+1 9)‘.7) (Méngrl’e)‘ft)-
In the following we use two steps to prove the assertion of (ii) holds for the case t = n € N.
(2k+1,e,B)

Step 1: In this step, we will define a truncated process M, and give first moment

estimate for M, (%H %) Méikf LOB) et dy, O, denote the death tlme and the number of offspring

of v respectlvely For u € N(n+ 1), let By, be the event that, for all v < u with d,, € (n,n + 1),
it holds that O, < e“™, where ¢y > 0 is a small constant to be determined later. Define

2k+1,0,B
MR
(=241 0Xu(n+1 2%+1)/2 Xu(n+1)
= ( ° )( i ) Z 1{mins§n+1 Xu(s)>0}e ( * )(n+ 1)( + )/ H2k'+1 < \u/m 1Bn,u

uweEN (n+1)

10



By the branching property, it holds that

(2k+1,0) (2k+1,6,B)
Mn—l—l Mn+1

I .
S € (1 : )( +1) Z 1{mins§n+1 Xu(8)>0}69XU( +1) (n + 1)(2k+1)/2
uwEN (n+1)

—(1-2Yn
—e (1 2 )(n+1) Z ]-{minsanv(s)>0}
vEN(n)

B¢

n,u

60Xy (n+1) (n + 1)(2k+1)/2 15

n,u’

X Z 1{min8§1 Xu(n+s)>0}€
ueN (n+1):v<u

Hos (Xu(n + 1)>

vn+1

Using the Markov property first and then Lemma (ii), we get that

(2k+1,60) 2k+1,0,B
(‘Mn-i—l M;H—l )) fn)
S (1—*)(77/4-1) Z 1{mlnb<7’LX (S)>O}

vEN(n)

X Ex,(n) Z Lmin,<; Xu(8)>0}60Xu(1)(n 4 1)@kt
ueN(1)

<e —(1-2)(n+1) Z Limin, <, X,(s)>0}
vEN(n)

Xu(1
s (2 )15

x Ex,(n) Z l{min5§1Xu(s)>0}Xu(1)eexu(1) ((Xu(l))% + (n + 1)k> Ipe, |-
ueN(1)

where for v € N (1), D,,,, denotes the event that, for all w < u with d,, < 1, it holds that O,, < e®™.
Let d; be the i-th splitting time of the spine and O; be the number of children produced by the
spine at time d;. Define D, ¢, to be the event that, for all ¢ with d; < 1, it holds that O; < e®™.
By Lemma

)

(2k+1,0 2k+1,0,B
(‘Mn+1+ '~ 7(L+1+ )‘
< - 2)(n+1) D> Lminge, Xo(5)>0}

vEN(n)
X 6EX (n) <1{ming<1X5(5)>0}X§(1)60X5(1) (X£(1)2k (n + 1) ) 1D;751)
(-2 (n) ST Tminee, (950 R(Xu(n)). (3.2)
vEN(n)

Conditioned on the motion Xg, {d; :i>1} are the atoms of a Poisson poin process with rate 2 and
{O; :i € N} are iid copies of L with law P, (L = ¢) = fp,;/2 which are 1ndependent of {d; : i € N}.
Therefore, Dy, ¢, is independent of X¢(t). Together with Lemma [2.3] . , we get that

R(Xy(1)) = Ex, n) (Lmin,z, xe(9500 Xe (D™D (Xe(D)* + (n+ 1)) ) B oy (105, )

_e? n
< e 7 Xy (n)ef Xl )H;v(n) (B%]C + (n+ 1)k> Ex, () Z 140, >econ}
i:d; <1

11



—2e X, (n)e”e (B%’c +(n+ 1)’“) P, (L > ™). (3.3)
Noticing that (B, 11 ) is a 3-dimensional Bessel process, we easily see that
H;Mm(}ﬁk+«n+-mk)5;Hg(ui;+yfk+«n4-mk)b:XAn)g(A;@ofk+wﬁ. (3.4)
Noting that (1.3]) implies E, (logH)‘ L) < o0, using and , we obtain that
ROX,0) S e T Xm0 (X, )+t

Plugging this inequality into (3.2]), we conclude that
1o

7:)
e~ 3N

S TR Z Limin,<, Xv(s)>0}Xv(n)€9XU(n) <(Xv(”))2k + ”k) .
veEN(n)

(2k+1.0) _ 5 r(2k+1,0.B)
<‘Mn+1 M,

Taking expectation with respect to P, applying Lemma first and then Lemma (i), we get
that

(‘M (2k+1,0) (2k+1,9,B) D

n+1 n+1
e - o 0X,(n) % |k
S B Y Lmine, xuos0p Ko ()X (X () + 0t ) )
vEN(n)
92
ez " "
- n1+,\E~T< {miny<,, Xe(s)>0}€ ¢l )Xé( )((Xs( )T+ n ))
0z Oz
= 216+AH1 ((Bn)% +nk> < xir/\HT ((Bn+x)2k+nk>
1 nk
gﬁﬁﬁ«&fhmﬂ:]HH%wNMJ% (3.5)

where in the last equality, we used the fact that (B, HT) (VtBy, HT)
Step 2: In this step, we will give an upper bound for the ¢-th moment of Mfl%ffr L6.B) _

E. <Mgf1+ 16,B) }.7-"”) for appropriate ¢ € (1,2). Combining this with Step 1 will yield the first

result of (ii). For v € N(n), set

Jn,v = Z 1{minsgl Xu(n+s)>0}60Xu(n+1) (TL + 1)(2k+1)/2H2k+1 (

Xu(n+ 1)>
1, .-
ueN (n+1):w<u

vn+1

By the branching property, {Jn, : v € N(n)} are independent conditioned on F,,. Thus, for any
fixed 1 < ¢ < min{2/6%, 2} with (¢ —1)26%/2 < (£ - 1)(1 — %), by Lemma

(‘M (k+10.8) g (M(2k+1,9,B)‘Fn> ¢ n)
¢

n+1 n+1
2
= 6_6(1_%)(n+1)E$ Z 1{min5§n Xo(s)>0} (Jn,v - Ea: (Jn,v‘]:n)) |-Fn
vEN(n)

12



2
< 2678(17%)(n+1) Z 1{Xv(n)>O}Ex (‘Jn,v - Eiv (']nﬂ]‘]:”) }g |f”)

veEN(n)
< o t1=Z)(n+1) 2 02
SetE > Lxums0 (Ba ((Jno)?|Fa)) 7" (3.6)
vEN(n)
Define
* X (1
Jn 1= Z 1{mins§1Xu(8)>0}eexu(1)<"+1)(2k+1)/2 H2k+1<¢%> gl

ueN(1)
By the Markov property and Lemma [2.1

E, ((Jn,v)2‘]:n) < EXv(n) ((J;)2)

*

0Xu(1) (7’L + 1)(2k+1)/2

= ]EXv(n) Z 1{min5§1 X (s)>0}€

X, (1
H2k+1< n<+)1> 1

Dn,u n
ueN(1)
Xe(1) .
= cEy, () (1{mins<1X5(5)>0}60X§(1)(n+ 1)EFHD/2 <\/§7+1 ’1Dn,§ljn> . (3.7)

Conditioned on {X¢,d;, O; : i > 1}, by the Markov property, on the event D, ¢, we have

Ex,(n) (T3] Xe, di,0; i > 1) = Limin, <y, Xe(s)>04(O0i — 1)

1:d; <1

0Xy(2) (n + 1)(2k+1)/2

X Ex,(d) Z Lmin, <. X, (s)>0}€ Dnu ’z=17d,~

u€EN(z)

< Z 1{mins§di Xg(5)>0}(0i -1)

XExea) | D Liminge xu(s)>0pe” " (n + DEHD/2

u€EN(z)

con 1-d;
S € Z 1{minsgdi Xé(5)>0}6
i:d; <1

Haptq (%) ‘ }z:l—di

)>0}69X5(z) (n + 1)(2k+1)/2

Hop 41 <§%> ') J——

=: eon Z 1{mins§di X5(8)>0}617diFn(X§(di), 1—d;), (3.8)

>< EXs(dl) <1{minsSZ XE(S

where in the last inequality we used the fact that O; — 1 < e“" on D, ¢, and Lemma Using
Lemma [2.5[(ii) in the first inequality, Lemma (i) in the first equality and an argument similar
to that leading to (3.4) in the second inequality, we get

Fn(Xf(di)a 1-— dl) 5 EXg(di) (1{mins§z X5(5)>0}69X§(Z)X§(z) <(X§(Z))2k + (n + 1)k>) ’z:lfdi
N 0t g,
= Xe(d)? X F -l ((Bz)2k+(n+1)k> I

S Xe(di)e? <) ((Xe(d;))* +n*) sup TH((B.)% +1)
z€(0,1)

13



< Xe(di)e? <) ((Xe(d))™ +n*). (3.9)
Combining (3.8) and (3.9), we obtain that
Ex,m) (Jn|Xe,di, O; 1> 1)

S eon Z 1{minsgdi Xg(S)>0}€17diX§(di)eeXg(di) ((Xﬁ(dl))2k + nk>

S N Lmingoy, Xe()50) Xe (di) "X ((Xs(dz‘))% + ”k> : (3.10)
i:d; <1

Plugging (3.10) into (3.7),

By ((‘]n7v)2}fn) S e Ex, ) <1{mins<1 X5(5)>0}60X5(1)(n + 1)(2k+1)/2

o (i)

1
. /0 1 minz, Xe >0} Xe(r)e? <) ((Xe(r)® + n*) dr)
S X ) (Hminsq Xe(ey>0 W Xe(1) (Xe(1)? + (0 +1)")

1
X /0 1{minS§T Xg(s)>0}X£(T)60X§(T) ((Xﬁ(r))% + nk) d7">7 (3.11)

where the last inequality follows by Lemma (ii). Using Lemma we can continue the estimate

(B11) and get

1
Ex ((Jn,v)Ql—Fn) 5 Xv(n)eer(n)eCONH;v(n) < ((31)2]{: + (n + 1)]6) /0 BTeHBr ((BT)Qk + nk‘) d7">

1
< Xv<n>e2”v<“>em”ﬂ8< ((B1+9)™ +(n+ 1) /0 (B +y)e (B, +y)* +nt) dr) ly=x0 )

S €I (Xaln) + 1250 (0, () +0) (3.12)

Combining (3.6 and (3.12)), we have
)

2k+1,0,B) 2%+1,0,B ¢
T
)4
S D2 ST 10y (Xu(n) + 1) 00 (X, (1)) + )
vEN(n)
2 L
Se—ﬁ(l—%)necoénﬂ Z (|Xv(n)|+1)€e£€Xv(n) ((Xv(n))mc_'_nk) )
vEN(n)

Taking expectation with respect to P, and applying Lemma we conclude that
0 0 ¢
E, (218507 — B, (M) 7)
)4
5 678(17§)n600€n/26nEx <(|X§(n)] + 1)4629)(5(71) ((Xg(n))Qk + nk) >

2 0
_ e—é(l—%)necoﬂn/ZenHw—e ((!Bn\ i 1)Ze€6Bn ((Bn)Qk +nk> )
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4
_ e@xef(ﬁ 1)(1— 2)n coén/ZH ((|Bn’ + 1)86(671)9371 ((Bn)Zk +nk> )

ble —(0=1)(1=L)n cobnj2, =020 (1 1) ¢ ok, k)"
= Mg 7 Ingcoln/2e =gy (|IBn] + 1) ((Bn) +n)

02 (e=1)%6?
< e—(é—l)(l— S )necoﬁn/Qe 5 nn2k€+€ —. n2k€+€e—c1ﬁn’ (313)
2
where in the second and third equalities we used the change-of-measure % |U (Bois<t) = N(Be—a)—"5t
for n = —0 and n = (¢ — 1)0 respectively. Let ¢y > 0 be sufficiently small so that cpl/2 <

-1 - %) — (¢ —1)26%/2, which implies that ¢; > 0. Thus, using the inequality:

B(|X - B(X|F))) < B(IX — Y]) + E(Y - E(¥V|F)) + E (| (X - Y|F)))

< 2E(|X—Y|)+E<]Y—E(Y\]—")|‘Z)1/é, (3.14)
and , we get

ZE (‘Mn%f;rle M7(L2k+1,9))>

<23 ([ - MEEO) 4 S ([ v (M) )

< Z 711 + ankﬂe—cm’
nl+A
n=1 n=1
(2k+1,0)

which is finite since A\ > k. Therefore, My
LY(P,).
Step 3: In this step, we prove the second assertion of (ii). For any n € (0, A — k), by (3.5) and

BT,

o k
an k= (‘M2k+19 MT(L2k+1,6)’> < anfk,n n
n=1

k) )

o 2k+1,0 :
converges to a limit Méo + P,-a.s. and in

o
A < nH_}\ _’_Zn)\fkfankJrlefcln < 0.
n=1
Thus, n*=F=" (MT(L%H’Q) - Méﬁ’”l"))) "% 0,P,-as. (see for example [I, Lemma 2]). For s €

[n,n + 1], by Doob’s inequality, for any ¢ > 0,

o
me (n)\—k—n sup ‘M§2k+1,9) _ MTSQk-&-l,G)‘ > 6)
n<s<n-+1

1 o
EZ pA kg, (‘Mﬁfl“ ,0) Mézk—&-l,e)‘) < 00,

n—oo

0,P,-a.s. Therefore, we have

which implies that n*=*=7 SUPp,<s<nt1 ‘Mé%ﬂ’e) — Mfl%“’e)

P,-almost surely,

sup MR ’Ms(2k+1,9) _ Mngrl,G)‘ <(n+ 1M1 sup ’Ms(2k+1,9) _ MT(szH,e)

n<s<n+1 n<s<n+1
4 (n+ 1)k ‘Mé%-i-l,e) _ MEELO)| 230
which completes the proof of (ii). O
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3.2 Asymptotic expansions along discrete time

Lemma 3.2 Assume x >0 and 0 € [0,/2). Let A, C (0,00) be a family of Borel sets such that

either  supsup{y:y € A,} <oo or infsup{y:ye€ A,} = cc.
n n
For any given m € N and k > 1, if (1.3) holds for some X > 2m + 2k + 1, then

28 (An) = Ba (2079 (40)| F 55

_ 62
b0 (1= )rn

=0, P;-a.s.

23

where
_[3/2, 0=0 and sup,sup{y :y € A,} < o0 or 6 € (0,V2);
o 1/2, 6 =0 and inf,sup{y:y € A,} = 0.

In particular, for any Borel set A C (0,00), as n — oo,

Z0™(4) - K, (ZT(S"”) (A)]fm)

n

r =0, P;-a.s.

rib0 (1= %)
Proof: Suppose m € N, k > 1 and that holds for some A > 2m+2x+1. We divide the proof
into three steps. In Step 1, we define a truncated process ZﬁS"X’)’G(An) and give a first-moment
estimate for Zﬁ?fx”) (An) — ZﬁS’OO)’G(An), see below. In Step 2, we bound the /-th moment of
ZES’OO)’G(An) —E, <Z£S’°°)’G(An)‘}"ﬁ> for appropriate ¢ € (1,2), see below; In Step 3, we
combine the results obtained in Step 1 and Step 2 to get the assertion of the proposition.

Step 1: Recall that v < v and v < u mean that v is an ancestor of v and that v = u or
v < u respectively. For u € N(ry,), define Gy, ,, to be the event that, for all v < u with death time

dy € (\/Tn,Tn), it holds that O, < 6‘30\/77, where ¢y > 0 is a small constant to be determined later.
Define

Z,(,S’OO)7G(An) = Z 1{mins§rn Xu(8)>0}114n (Xu(rn))lGn,u-

By the branching property, it holds that

20°05(4,)
- Z 1{mins§mXU(s)>O} Z 1{minﬁ<59nn Xu(s)>o}1An(Xu(7"n))1Gn,u~ (3.15)
VEN(y/Tn) WEN (rp):v<u

Therefore, by the Markov property,

m+b9

Tn (0,00) _ 7(0,00),G
e (B 2 )
e 2
rm+bg
= s 2 1 ming< 57— X4 (5)>0
6(17%)7"71 veN (V) { SSVTn }
X Ex, () Z Lming ey e Xu(5)>0) LAn (Xulrn — /) 1pg ,
UEN (Tn—+/Tn)
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Tm+bg

= T, D Ymine o050} Tn (Ko (V) mn = /), (3.16)
e 27" weN(\rn)

where for u € N(ry, — /Tn), Dp denotes the event that, for all w < u with d,, < 1, — /7y, it
holds that O, < e®V™ . Let d; be the i-th splitting time of the spine and O; be the number of
children produced by the spine at time d;. Define Dy ¢ e 1O be the event that, for all ¢ with

d; <1y —/Tn, it holds that O; < eCoVn By Lemma we get that
Ta,(Xo(Vrn), mn — /1)

= €T"_\/HEXU(\/E) <1{min5§rnmxg(s)>0}1A” (Xf(r’rl - \/7))1 flg M) : (317)

Note that given X¢, {d; : 4 > 1} are the atoms for a Poisson point process with rate 2, {O; : i > 1}

are iid with common law L given by P, (L = k) = kpy,/2, and that {d; : i > 1} and {O; : i > 1} are
independent. By -, we conclude that

Ex,/m) <1D7€z - |X£(S) 152> 0) < Ex,(ym) Z 1{0i>e‘30\/ﬁ}‘X§(5) 1520
v i:di <rn—/Tn
Tn—+/Tn ~ <1Ogl+)\ L) 1
— co/Tn < <
2/0 P,y (L > eV ) ds < 2r, T S (3.18)
Plugging (3.18) into (3.17)), we get
e'm—VvTn .
TAn(Xv(\/a),T'n - m) S WPXU(W) (Sggllli/ﬁXg(S) > Oernf\/ﬁ S An) . (319)

Since, under Px, ( /), X¢(t) is a standard Brownian motion with drift —¢. By Lemma (i) and
(ii) with B = A,,, we get that

PXU(\/ﬁ) <S<TITILIi_I\l/aX§(S) > 07X7"n—\/ﬁ S An>

o () VI Xy ()t
~ (Tn — \/Fn)beeé(r’ﬂf\/ﬁ) ~ rb e 22(7“»,1 \/ﬁ)

Combining (3.16)), (3.19) and ((3.20)), we get that

e 0 0,
Al

;,{H_be VT X, (\/») e0Xo (V)
0Py, 2 Lminee s Xot >0} OA=D/2 by B (ra—ym)

T N ries

1 (-2 60X, (/) _ 1 (1,6)
- (,\ 1— 2m)/2 ( Q)W Z {minsngy(st}X”(m)e V) = ()\—1—2m)/2M T
vEN(\/Tr) Tn

(3.20)

with M\(ﬁ) given in (|1.4). Now taking expectation with respect to P,, we get that

m~+bg
B (20°9(A,) - Z076(4,)) £ 1

02 Tn Tn m :
n

(3.21)

6(1—7)r
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Step 2: By (3.15) and the branching property,

Zﬁg’oo)’G(An) — Egj (Zﬁg’ooLG(An)‘]:\/TT) = Z 1{minSSmXU(S)>O}Jn7u’
veN(y/Tn)

where conditioned on F. N { Jppiv €N (\/ﬁ)} are centered independent random variables de-
fined by

D DRE VPRI )

UEN (rp):v<u

—E, ( Y Yinere, Xu(o50} (X)) la, fm) :
uEN (rp)w<u

Thus, by Lemma for any fixed ¢ with 1 < £ < min{2,2/6?} and (¢ — 1)% <1-2

2
14
Ey ( Zﬁg’w)’G(An) —E; (Zﬁgyoo)’G(An)}f\/ﬁ> “F\/ﬁ>
L
<2 Z 1{min3§mXu(s)>O}]EI <|Jn,v’ |]:\/ﬁ) S Z Mn,va (3-22)
vEN(y/Tn) vEN(y/rn)
where for each v € N(/r7),
1
anv = ]EXU(\/E) Z 1{mins§rn,m Xu(5)>0}1An (Xu(rn - \/a)) ]‘Dn,u

UEN (Tn—+/Tn)

Set V,, == ZueN(r,L—\/ﬁ) 1{mins§rn_ﬁXu(S)>0} 1, (Xu(rn — /) 1p,... By Lemma and the
fact that A,, C (0,00),V,, < ZUGN("‘n*\/ﬁ) 1(0,00) (Xu(rn — +/Tn)), we have

Tn—/Tn /—1
Mn,’U =e€ rEXu(\/’/?) (1{mins§rn_ﬁX€(s)>0} 1An (Xg(rn - \/a)) 1Dn,§ Vn )

/-1
< eV Ey, (g 1Dn,§mm1{xs<rnm>>0}( > 1{Xu<rnm>>0}) {3:23)
WEN (ra—y/7)

Given X¢, d; and O;, by the Markov property and the inequality (3°1 ; ;)P < >.° , z¥ forall z; > 0
and p € (0,1), it holds that

/-1

U Y Bxwm) Yo Uxuaovmsy | [ XediOiiz1
VT UEN (Tn—+/Tn)

-1
Sl{DMT”_M} Z (0i — DEx, (4, ( Z 1{Xu(rn\/ﬁ)>0}) ]Z:rnf\/ﬁfdi

i:d; <rn—/Tn uEN(z)
/-1
S eCO\/ﬁ Z EX&(dl) Z 1{Xu(rn*\/ﬁ)>0} ‘Z:’I"n—\/ﬁ—di7 (324)

i:d; <rpn—y/Tn u€EN(z)
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where in the last inequality, we used the fact that, on the event Dy ¢ _ S 0;,—1< eCO\/ﬁ and
the fact that E(|X|P) < E(|X|)?P for p € (0,1). Note that by Lemma and Lemma [2.4] (iii)

ﬁ z X
Eo | D xutraymsoy | <0777
uEN(z)

Using the fact that d; are the atoms of a Poisson process with rate 2, taking expectation with
respect to Py, (s (| Xe) in (3.24), we get that

/—1
Ex.vm | Yo | Yo Yxubavmsoy | | Xe
n,grn—\/ﬁ UEN(Tn—ﬁ)
< 9ecovTn / HU=DXe(5) (1= B) (1) (rn—/Fn—5) g5, (3.25)

Combining ([3.23)) and (3.25]), noting that X¢(s) under P, is a standard Brownian motion with drift
—0, and applying Lemma iii), we conclude that

Mo S €V By, () < VI X (ra— /) 50} / (D Xe(s) 1= )(“)(“Wﬂds>

Tn—+/Tn 2
= VTRV /0 Y e (ee(efl)BsHE(: ( By i > 0)) (1= ) =) (rn—yTn=s) 4 g

< ern—\/ﬁecom/om‘\/ﬁnxi(ﬁ) (eeegs) o= (rn—/Fr—3) (1= G (= 1)(rn— T —5) i .
Using elementary calculus in the last integral, we get

My < 050/ 0= 5 rnyTm) or/ I s - E ) D) g
< X (V) (1B ) (rn—/Tm) 0N/ T

~

Plugging this upper-bound into (3.22)), we obtain that

£(m+bg)
T (0,00),G . (0,00)
L= B < Zr 7 (An) = B <Zrn |fm ‘fﬁ)
Lm+be)
S niee Z eGKXU(\/ﬁ)ef(l—%)(rn_ﬁ)e%ﬁ
( 7)7'71 UGN(\/E)
£(m+be) co\/rm
eV T v, 526)

CAWe
=)V VEN(\/Tn)

Taking expectation in (3.26]) with respect to P,, and using Lemma we get

)

Zgg,oo)vG(An) —E, (Z7€27OO)7G(A11)‘~F\/§>

Tfl(m+b9)
62 E
66(177)7“71
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£(m+b, +b,
e Y ) e

\/'rnE 00X ¢ (\/Tn)
e zle
=5 =5 ( )

vEN(\/Tn)
:Tg(m+be) (e 1)(1——) co)V/Tn (3.27)

Step 3: Fix ¢y € (0, (£ — 1)(1 — £4)) and set ¢; := (£ — 1)(1 — &E) — ¢p) /¢ > 0. Using (3.14)
with X = 2% (4,)) and Y = Z>°%(4,)), we have

E n
x YN
rp 0= )

m-+by

2% (Ay) — Eq (207 (42)| F )

"
< n (0,00) _ 7(0,00),G
<2 Es (2109(A,) — 20206 (a,))
£(mtby) AN
,
n E, ( |2(0°):CG (A ) —E, (200G (a,
+< ek (|29 (40) ~ B, (2079417 )
1 1 1/(2k
< (m+bg) ,—c1y/Tn _ (m+bg)/k ,—cint/(25)
> O-Tm) 7 € SO 1 am)as) T € ’

where in the last inequality, we used (3.21) and (3.27)). Since A > 2m + 2k + 1, we conclude that
Tn

for any € > 0,
6)
(m+bg)/k ,—c1nt/(2r)
<Z< (A—=1-2m)/ n)+n o < 0,

which completes the proof of the Lemma. O

2009 (An) = B, (210940 Fyz ) | >

ZP ( —bg (1 92)

Proposition 3.3 Let x > 0. For any given m € N and k > 2m + 1, if (1.3) holds for some
A > 2m + 2k + 2, then (i) for any 6 € (0,+/2), x > 0 and Borel set A C (0,00), P,-almost surely,
as n — oo,
21> (4)
2
7“7;3/26(1_97)7‘"

m Y4 (2k+1,0)
2 — Hae42(0) Mz / 2-2k11, -0 -
\/;; vl 2[)(2k+ DI —2k+ 101 /,° e dz+olr™);

(ii) for any bounded Borel set A C (0,00), Py-almost surely, as n — oo,

Z£S’°°><A>
73/2

2%+1,0
\/>Z H24+2 MO /22£2k+1dz+0(rm).
(2k+ DI2—2k+ 1) J, )

(iii) for any a > 0, P,-almost surely, as n — oo,

0.0) 2k+1,0
252> ((a, ) \[ Hze MEHY 22k 4 o mm)
—1/2 Z 2k+ 1)I(20 — 2k)! n)




Proof: Suppose x > 0,m € N,k > 2m + 1 and holds with A > 2m 4+ 2k +2 > 2m + k + 1.
First using Lemma and then the Markov property, we get that for any Borel set A C (0, 00),
P,-almost surely,
25 (A) Ly B (20 !fﬁ)
— e = o)
rnl0e=2)m rbe (=% 2 )rn

. Lming <y X0(5)>0} (0,00)
o™+ 3L R T (22 ()
vEN(/r) Tn "€ "

Liminge o Xo(s)>0}
-m s<\/Tn >V
n ) + Z —bee(lf%)rn

veN(y/rn) Tn

eV 0
WHX (vVn) (1{minssrn—mBS>0}1A(BT”‘\/E)> ’

=o(r

where in the last equality we used Lemma Let K :=2m/k + 3 and fix a sufficient small ¢ > 0
such that

2m+1
K

K(1-¢)> +2. (3.28)

Step 1: In this step, we prove that P, -almost surely,

(0,00) 1
Z’I" (A) _ {m1n3<\/va(s)>0}
————=o(r,™) + - = 1
=By, ) vez%m pbo (1= Dyrn o(Vr)sy/Erlosn)
Tn—/TnT1—0
xe rHXv(\/ﬁ) (1{mins§rn7\/ﬁBS>O}1A(BT7L_\/7’TL)> ’ (329)

Using Lemma- (ii) first, and then Lemma . we get

2 : Z 1{mln < Xy (s)>0}
m s<\/Tn <}V
THEJ:( —by_(1- L2 ), 1{Xv(\/ﬁ)> K /i logn}
n=2 veN(yrm) Tn € 2

Tn—+/TnT7—0
xe rHXv(\/ﬁ) <1{minsgm-mBs>0}1A(Brn—\/ﬁ)) >

o {mins< /77 Xu(s)>0}

< 2 : m E Y%

~ —~ Tn El‘( _bG (1_§)7‘n 1{X'u(\/ﬁ)> KﬁlOgn}
n= vEN(yTn) Tn "€

(1= ) (rn—/7)
X Xy (i)t Kol €2 )
m by oy 2

Ly

Recall that (X¢(t),P;) is equal in law to a standard Brownian motion with drift —¢. By Lemma
(i), recalling the choice of € in (3.28)), the left-hand side of (3.30) is bounded from above by

i ) —nn bl (B\/rn>\/K\/ﬁlogn>

n—2

60X, Tn
=T (1{“““55@X5<s>>0}1{X§(m>>\/Kmlogn}X5 (Vn)e ar)) -(3:30)
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0 m,.b,
SR P 1 o (eu—a)(Bﬁf/(zm), (3.31)

55 (ra =y PROE

where in the last inequality we used the Markov inequality. Using Lemma (ii), we get

_ 2 Tn > —e)y? n
mt (6(1 &)(Byra) /(2F>> :/0 I EVIIRT (2, y)dy
. 2 0
< / e Vi) 2 o= 2V gy = / U= 22 e—(ar 0 2qy < 1. (3.32)
0 Tn 0

Combining (3.31), (3.32)) and the fact that 7, (r, — \/r) "' < 1, we obtain

i TmE Z 1{mins§\/ﬁ Xy (S)>0}
n b (1- )y AXe(VF)>V/E /i logn}
n=2 vEN(\/rn) Tm "€ 2

Tn—+/TnTT—0
x e VIR (1{minsgm—mBs>0}1A(Brn—\/ﬁ)) )

0 m/k

< > ro B n
~ Z nK(—e)/2 Z nkK(1—-e)/2 < 00,
n=2

n—

which implies that P,-almost surely,

r

1{min < i Xu(s)>0}
s T™n v
n Z

by (1-2yp,  AXe(V)>y/K /i logn}
vEN(y/rn) Tn € 2

X ern*\/ﬁﬂ)_(i(ﬁ) (1{mins§rn—\/ﬁBs>0}1A(B7“nf\/ﬁ)> nif’ 0,

and thus (3.29) holds.

Step 2: In this step, we prove (i) and (ii). Recall that when 6 € (0,4/2), or # = 0 and
sup{y : y € A} < 00, by = 3/2. In this case, let J :=2m + 2k +2 > 2m + % By using Lemma
ﬁ (i) in the first two equalities below, Lemma in the third, we get

245> (A)

_ (M E ' s<rn 7Y Vo v(v/Tn)
=o(r,™) + ~3/2 (1-2) /i Xolvra)e 1{Xv(wn)§\/K\/Tnlogn}
VEN(\rn) Tn = €7 2

- ( 1a(B;, - i) )

OB’I‘ — ™n
B, _ e’ oV

1rs
—-m }: {ming< sy Xo(s)>0} g (/)
= o\T —+ e v "1
e vEN(\/7r) O N {Xo (Vi) <\/K\/rn logn}

(w25
A eezm Tn —+/Tn o — /Tn
1{min <\/—X (s)>0} 0X
e vez%ﬁ) (1= {Xo(vrm) <y/EKylogn} [,
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J
< 1 1 < 2k+1)/4
- (“ () 32 et (i ) 07 s

Xo(W/7
T1(1 U(1/4 n) + Em7v727n dZ’
0 Vin T'n
where the error term &, satisfies that
m+1 1 ni))o P,-
" ii%’veﬁ‘?% el i,y e 0 P

Noticing that e~

Z eN(t Xo(®) i a non-negative martingale, and that ) A e~ %%dz < 0o when
>0 orG—Oandsup{y yGA}<oo we get

1
m {min, <y Xo(5)>0} -
ey (f“;)ﬁ X (W)l

veN(W ) ¢ "

Xo(y/Fm)<y/Kv/imlogn} /AT"e_

( WUGNZ OXo(v/rm ) (/Aeezdz>

x

2
5m,v,z,n| dz

sup sup e |1 s
>0veN(ym) o X

Therefore, P,-almost surely,

IN
=
%
3
o
0
3
&
=
]
n

707 (A)

_ 62
Tn 3/2(1=5)rn

1 min v
—o(rM+ S - ZW)X: P (v
vEN(/Tm) )V

J
z 1 1

-0
Xo(v/rm) Sy/K v/ log n} /AW

Xo(\/Tn
\/%) PR (W) &

"
J
Liming < - X, (s)>0} , Xy (y/Tn)
HQZ > f_@ N VI o | 1\//;7
k=0veN(y/rn) 6( 2 VT Tn
/ e0%¢ ! L s (=) de. (3.33)
{XU V) <A/ K \/Trn logn} \/7 (2k_|_1) (2k71)/2 \/747”

Now we show that we can drop the indicator function from the last line above. Note that for all
0 <k < J, applying Lemma (ii) and the inequality

fomo () e (G

Vn )
first and then Lemma we get that

o

SR> mines e X020 o, ()
me o(1=%) /7
n=2 veN ()

dz < / e %dz < 00
A

RN/ (Xv(\/ﬁ)>

my
st 5 (52) et e (G2 )

2k +1)! T£L2k—1)/2
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00 2k+1
<SR S {mm“mx”(s)”} oxutm) ek [ | Xoly/) Xo(v/Tn)
= vEN (/) I'n T'n
1
% (2k—1)/21{Xv(\/ﬁ)>\/l<\/7nlogn}>
\/ﬁ
ri'e T 0Xe(\/rm
222 2h=1)/2 <1{min5§ﬁXg(s)>0}X§(VTn)e §(vm)
k/2
X <X£(\/T’ ) +7’ / )1{X§(ﬁ)>\/m}> (334)

Recalling the choice of € in (3.28). By Lemma the right-hand side of (3.34)) is equal to

> ,ngﬁm“oxﬂl (B +74%) 1o sy

n=2

S s P k/2) (1-)(Bm)?/ (2y/)
= ;Tg%l)/?nas)x/zm = ((B\ﬁ+r )e )

/2, (1-e)K/2

m k/2 [o.¢]
_ "nTn 2 —(zrnt—y)2/2 ( 2k (1—e)y?/2
Z (Qk D/z, - e)K/2/ ye ( + 1) € dy

o (2m+1)/(2k) 00 _
Z n 2 —(aryVtoy)2/2 [ 9k 1—e)y2/2
= n(—2)K/2 /0 vt " <y * 1) el Ry, (3.35)

n=2

0o m . 9
Tn ) —(z—)2/(2\/Tm k/2 1— 2 (0 i
N Z (2k71/ /0 T3/4€ (x—y)?/(2/Tn) (y + 7y / )e( e)y?/( \ﬁ)dy

which is summable. Hence, combining (3.34) and (3.35), we conclude that for all 0 < k < .J, almost
surely,

r

" Z 1{mins<ﬁXv( )>0} QXv(ﬁ)

EN () (-5 SN
_gz 1 1 z n—0o
/A d)(\ﬁ) (2k + 1), (2k71)/2 Haj41 NG dz — 0.

Plugging this back to (3.33|) and recalling the definition of the martingales in ([1.4]), we obtain that

L, () /R ogn)

Xo(y/Tn
7“5?’““)/41{2“1( (f))

n

Z12%°)(4)

o = o)
1"53/26(1_%)”‘

J

@k+10) [ -0z 1 1 z
+2) Mo /A o (\ﬁ) CIESRE=E Hopi1 <\/a> dz. (3.36)
k=0

Forallm+1<k<J=2m+2k+2, we have A\ > J > k. Therefore, for all m+1<k < .J, by
Lemma (ii), Proposition (ii) and the fact that ¢(y)|Harr1(y)| < o(W)|yl(ly/** +1) < |yl

(2k+1,0) —0z 1 1 z
] [ (%) e 72 tan (=)0
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‘M(2k+1,0)‘
2]€ 19 z VTn —0z —m
+ ’/ (2k 072 ndz: o /Aze %2d2 = o(r;™). (3.37)

Combining (3.36)) and (3.37)), we get that

25> (A)

I
7”7;3/2 1Ly, "

@k+10) [ -0z 1 1 Z
H;OMW" /e ¢<f> @k + )1 @7 <r) 4

Noticing that A > 2m, let  := (A — 2m)/2 < A — 2m. By Proposition [3.1](ii), similar to (3.37)), for
all 0 <k <m,

(2k+1,0) M2H+L0) —0z 1
il 1o (%) armrgm

‘M (2k+1,0) M(2k+1 6) ‘

z
ok <f> ‘ 4

E
e %dz = o(\/rn (’\_anr;k) =o(r, ™y %) =o(r,™). (3.38)

Since A > 2m + 2k + 2, we have
Zin > (A)

2
_3/26(1_%)r"

Tn
m ) . .
(2k+1,0) 79z
Fay e [ () oyt ()

By (2.5) and Lemma [2.5(i), for any 0 < k < m and z > 0, there exists ¢ € (0,z) such that

= o(r;™)

n

2m+1 d] SL’j :L,2m+2 d2m+2
¢(x)Hapyr(z) = ) a7 (PHze41) (0)? + O £ 2) A2 (pHog+1) (§)
7=0
= ( 2k+1 Z d2k+1+]¢( ) 2271 +0 2m+2 Z H2k+2j+2 g2t + O($2m+2)
dz2kt1+i (25 4+ 1)! V2or (2j +1)! ’

where in the second equality we use the property that Hopy1(0) = 0. Therefore,

21> (A) mo g 1
S S Nele? —-m\ __ M(2k+179)
r;3/2e(17%)rn o(r, kZ:O (2k +1)! 74221&—1)/2
X / e 02 f: Hapyoj2(0) 2%+ ( 2m+2> =
A = (2j + 1)!@7‘%2]'4-1) pro |
_ 2 1 H2k+2]+2<0) (2kt16 / -
- ") - M +1,0) 2]+1 Ozd
n ¢ 2k+1,0
= o(r;™) 2 Z H2z+2 Z M( ) / S20-2k+1,—0z 4,
Q TS (2k + 1)!I(20 — 2k + 1)! )

k=0
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which completes the proof of (i) and (ii).

Step 3: In this step, we prove (iii). Recall that when # = 0 and A = (a,00), by = 1/2. By

(3.29) and Lemma (1),

79 ((a,00)) o+ Y Lfmin, < s Xo(5)>0}
r71/2€rn - n 7“71/261% {Xo(/Tn)<\/K/Tnlogn}
n vEN (Vi) n

X 67"”7\/%1_[)(1)(%) <1{min5§m7ﬁ35>0}1(a,oo) (Brn*\/ﬁ)>

—m 1{m1n9SMXU(s)>O}
) G%:r) U2 Xy <y/Kymosn)
v Tn n

em—Tn 00 y—Xv(\/T»n) B y-i—Xv(\/T‘»n) d
e Ja <¢< —f) ¢< —f)) !

=o(r

15
— —m {mlnsgﬁxv(5)>0}
=o(r,™) + Z 12 1{Xu(\/ﬁ)§\/m}

veN(yrm)  m
((2R) - (2E)
Tn —/Tn Tn —/Tn

Put J:=2m+2x+1>2m + % By Lemma it holds that

0700 .
Zﬁn )<(a/7 OO)) i O(T_m) n Z 1{m1ns§ﬁXU(s)>0} 1
V20, T V2 {Xo(yTn)<\/K\/rnlogn}
n VEN (/) n

J
a 1 1 a Xu(y/Tn)
(2k+1)/4
X <2¢ <\/ﬁ> kgo (Zk T 1)' T,’S?k'f‘l)/z H2k <\/7’>n> Ty H2k—|—1 ( r’}l/4 ) + gm;u,(l,n) .

where the error term ey, 4,4, satisfies that

n—oo

r2mA1)/ 0, Pg-as.

2
N sup sup

e 1
a>0 veN(\/ﬁ)’ m’fu’a’”’ {Xo(V/n)<+/Ky/Tr logn}

Using the fact that e~ Y e N 1 is a non-negative martingale, we have

Limi Xy (5)>0
pm Z {min,;< /mr Xv(s)>0}

i X<y RrTogn) [Emvan
veN(yr)  n

3
4
8

< eV 0 1] e Psup sup lempan
vEN(/Tn) e

Lix, (vrm<y/Rrmiogn)

Therefore,

(0,00) 1
ZT'n ((CL, OO)) _ —m z : {mlnsgx/rn Xy (5)>0}
_1/267“n - O(T ) +2 eVTn 1{Xv(\/rn)§\/K\/rn logn}

n

VEN(y/rm)
J
a 1 1 a
Ly
X¢<,/rn>kzzo(2k+1)!rf{ 2k <,/rn>

26

Xu(\/Th
T(2k+1)/4H2k+1< (\F)>'

n 1/4
Tn/

(3.39)



Similar to the argument leading to (3.34)), for each 0 < k& < J, applying Lemma first, then
Lemma [2.1] and Lemma [2.3{1i) at last, we also have that

- m 1{mins§\/mX1)(s)>0}
z_:f” E”"( 2 eV L%, (vm)> /B Tog n}

vEN(y/Tn)
a 1 a 2k+1)/4 Xu(\/ﬁ)
<o () e ()| e e (22

> 1{min Xo(s)>0}
< m s<V/Tn Y
S s < > o L, (ym)> /R og )
n=1 veN (/)

X

< V) (V)™ +1%7) )

n

- m—k 2k k/2
- Zrn Eq <1{minss\/ﬁXﬁ(5)>0}1{X5(\/ﬁ)>./K\/Elogn}Xf(\/a) <(X5(\/ﬁ)) + Tn/ ) )

n=1

. 2%
) - k/2
= xz:lrn 11, (1{BM>\/W} ((B‘/ﬁ) il ) > =

where the last inequality follows from (3.35). Therefore, for 0 < k < J, P,-a.s.,

Tm Z 1{miHS§mXU(S)>O} 1

" e eV {Xo (Vn)>\/K/rm logn}
vE Tn
a 1 a Xu(v/Tn) \ | neo
R (2k+1)/4
X @ <\/ﬁ> ;- Hoy, <ﬁ> X |1y Hog11 <T71/4 ) — 0.
Plugging this back to (3.39)), we finally get that
(0,00) 1 .
Zrn ((CL, OO)) —m {mlnsgﬁ Xy(s)>0}
—1/2 = ol ™) +2 Z eV
o€ vEN (y/7r)
J
a 11 a Xu(/rn)
—H (2k+1)/4H
X ¢ <\/ﬁ> kzzo (@ 4 1)1 7k 2k (ﬂ) T, 2k+1 T
a J 1 1 a (2k+1,0)
— o(r=™) + 26 ([ —— " Hop | —— | M) 3.40

with Mt(%H’O) given in ([1.4). Using the same argument as (3.37) and (3.38)), also noting that
A > J =2m+ 2k + 1, Proposition (ii) and (3.40) imply that

m

(0,00)
Zy ((a,00)) —m a 1 1 a (2k+1,0)
Zra D)) _ 2 = Hop [~ ) M 2RH10),
r12erm o ™) +2¢ N Z k+ Dk 2R\ sy )

k=0

The remaining part is similar to the end of Step 2 we omit the details here. The proof of (iii) is
complete. O
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3.3 From discrete time to continuous time

Lemma 3.4 Let x > 0 and 0 € [0,/2). For any given m € N, if & > 2m + 2 and (1.3) holds for
A > 2m + 2k + 2, then for any interval J C (0,00), it holds that

(0,00) (0,00)
A — 7y
liminfr]"  inf ¢ (/) n () >0

3 , Pz-a.s.
n—00 te€(rn,Tn+1) -3/2 1-%)rn
Tn e 2

Proof: Suppose x >0, m € N, k > 2m + 2 and that (1.3) holds for A > 2m + 2k + 2.
Step 1: Define ¢, := /rp+1 — rn, by the mean value theorem,

3¢€(n,n+] ﬂé‘(—n—i—l)/n < (- +2/C8) )

VTnEn = \/nl/n ((n + 1)/ — nl/n)

For any n < |J|/2, define

K

Jy = {y € J : dist(y, J°) > n}.

For u € N(ry), let Gy, be the event that u does not split before 7,11 and that max,e(y, r,.,,) [Xu(s)—
Xu(rn)| < /Tnen. When n is large enough so that 0, = \/rnen, < |J|/2, for u € N(ry), on the
event Gy, for t € (1, rp41), it must hold that

{Xu(rn) €y, } C{Xu(s) € J, Vs € (rn,rnt1)} C {Xu(t) € J} N{Xy(s) > 0,Vs € (14, t]}.
Therefore, for t € (ry, rn+1), by the branching property,

0,00
2"%()

_ 62
Tn 3/2(1=5)rn

m
n

m+%
,
= (:T)r Z Lmin,<,, X.(s)>0} Z Limingcs—p, Xo(rn+s)>0}1{X, ()€}
€ 27" weN(ry) vEN (t)u<v
rm+%
> (IfT) Y lmineer, Xu(9>0 Hxutra ety } 160 = In + . (3.41)
€ 2 " ’LLGN(T'n)

Here I, and I1,, are given by

Tn
b= Y. Luinge,, x>0 0x00mes,) (1o = P (Gul Fr))
€ 27" ueN(rp)
et
11, := m Z 1{min5§rn Xu(s)>0}l{Xu(Tn)EJnn}]P>$ (Gu}frn) :
e 2/ UEN (1)

We claim the following two limits hold:

n—oo

sup |Ip| =|I,| — 0, Pgas. (3.42)
te(rn,n+1)
and
(0,00) (0,00)
m 3 Zfr‘ m 3 ZT n—oo
sup I, —ry i "T(J) =|\II, —ry T2 "T(J) %00, Pas. (3.43)
t€(rn,Tn+1) =7 ) e(l=3)m
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If (3.42)) and (3.43) hold, then we complete the proof of Lemma together with (3.41]).
Step 2: In this step, we prove (3.43)). Define

m—i—%
Tn

m Z 1{min3§rn Xu(s)>0}1{Xu(rn)€J}[Pl“ (Gu’]:rn) .
€ 27n wEN (ry)

111, =

By Lemma [3.2| with A, := J \ Jy,, as n — oo,

0,00
i Ee (20°9(40)

=)

it WA O

II,—III,|<r =o(1 -a.s.  (3.44
| | 6(1—%)1% 0( ) +Tn (1_7) r-a.S ( )
By the Markov property and Lemma we get that
i Be (20900 F ) et
1-2yr T -2y, Z Lmin,< e X ()0}
e 2 e 27 ueN(ym)
x e VIEX, (/) (1{mmsgm-mxg(s>>0}1fxn (Xe(rn — \/ﬁ))> : (3.45)

Since (X¢(t), P,) is a standard Brownian motion with drift —6, by Lemma [2.3[i) and (i),

Ex,(/m) (1{minsgrn,mxg(s)>0}1An (Xe(rn — J@))

6Xu(y7m) o= 5 (=TT e "o
T'n_\/ﬁ
X ()X = B m)/ L e (Xu(V). y)dy
e~ y2

< Xy (/)X V) o= (rn /)

~

T (rn—\/ﬁ)i"/?dy' (3.46)

Combining (3.45)), (3.46) and the definition of Mt(l’e) in (|1.4), we see that

Tn) . m+7M( 0)

B, (207 (4,)
m+3
Tn

\/Tl —Oyd
S nTIAnIM%) ST Tnén = \/n@m“)/“ ((n+ 1)1/5 —nl/x), (3.47)

where in the second inequality, we also used the fact that sup, sup{y : y € A,} < oo and that
Ja, ve eydy < supn sup{y y E An} |Ap|. Since k > 2m + 2, the last term of (3.47) tends to 0.

Comblmng and , it holds that
\II, —I1I,| =50, P,as. (3.48)

By the Markov property and the definition of G,

P, (Gu|frn):e_(’""+1_rn)ﬂoe< max |Bt|§\/ﬁen).

t<rp41—"Tn
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Thus, we get that
13 289 ()
e(1=%)rn

(0.00)
< M Ll <1 — e~ (rnt1=ma)q 0 ( max |By| < \/aé‘n>>

71/2 (1_f)rn " t<rpt1—Tn

111, —

t<rp41—"Tn

< TZLH (1 — 6_(rn+1_rn)H60 ( max ‘Bt‘ < \/ﬁen>) , (3.49)

where in the last inequality we used Proposition (i) (iii) with m = 0. Note that under the
assumption kK > 2m + 2,

rnm+1 (1 — e_(T"“_T")Haa (t max |By| < \/ﬁa?n>>

<Tn41—"Tn

<Trn4+1—7Tn

<t O(rpgs — ra) + I (t max ~|By| > W‘n&‘n>

< TZ@—&-lO(n(—n—i-l)/n) + 7~ZL+1HO ( max  |By| > \/rnen — 0(rny1 — rn))

t<rpy1—"rn

= O(n~"=27m)/ry ety <r§131x |Be| > \/Tn — O3/Trt1 — rn) = o(1). (3.50)

Hence, (3.43) follows according to (3.48)), (3.49) and (3.50)).
Step 3: In this step, we prove (3.42)). Since, given F,. , {G, : uw € N(ry)} are independent, we
have

9 ,r2m+3
s (1 7) =
2

e n

<D Lminen, Xu0) L ixatmen ) Be (L6, = Po (Gul 7)) |72,
UEN (rp)
2m+3

< 4W Z 1{minsg,«n Xu(s)>0}1{Xu('rn)€(0,oo)}
" EN(T’n)

4" 79°9((0,00))
=5 =120 G

Now taking expectation with respect to P, by Lemma [2.1] u and Lemma [2.4 - , for any € > 0,
2m—i—2 E, (ZTQS’OO)((O OO)))

ZE (1] > €) < QZE UBE Z PRI

n2 e(173
_ Z 2m+ e P, (ming<,, X¢(s) > 0) < i rim+g -
02 r;1/2e(1—§)rn N =S ’
which implies (3 . Thus, we complete the proof of the lemma. O

Lemma 3.5 Let z > 0 and 0 € [0,v/2). For any m € N, suppose that k > 2m + 2 and (1.3) holds
with A > 2m + 2k + 2, then for any interval A C (0,00), Py-almost surely,

7% (4) = 285 (A) | nsee

m 0.

T sup
n _ 02
te(rn,rn+1) Tn 3/26(1_7)T"
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Proof: Suppose x > 0,m € N, and that k > 2m + 2 and (1.3)) holds with A > 2m + 2x + 2.
Fix 6 € [0,v/2). Note that if

liminfz, >0, liminfy, >0, liminfz, >0 and limsup(z, + y, + 2,) < 0,
n—00 n—00 n—o0 n—00

then limy, o0 Zp, = limy, 00 Yp = limy, o0 2, = 0. Applying Lemma with J = (a,b), [b,00) and

(0, al], we see that to prove Lemma only need to prove that

(0,00) _ 7(0,00)
limsup7]"  sup Zy ((0,00)) — Zr,) " ((0,00))

5 P <0. as.
n—0o0 te€(rn,rn+1) ?”7:3/ 6(1_?)7”"

For any t € (r,,Tp+1), by the branching property, we see that

2%°°)((0,00)) — Z19°°)((0, 00))

rotosup

" te(rn,Tn+1) 74;3/26(1—%)7“”

S(IZLT)T Z 1{mins<mxu(s)>0} sup ( Z 1—1), (3.51)
‘ 2T ueN(r) ) te(rn;rn+1) vEN (t):uv

To drop the “sup” above, we modify the branching particle system for ¢ € (ry,, r,,+1) such that when
a particle dies in (7, 7,+1) and it splits into L offspring, we modify the number of the offspring
with L + 1. For t € (rp,Tn41), we use N(t) to denote the set of the particles alive at time ¢ in the
modified process. It is obvious that the mean of the number in the modified process is equal to
> reo(k + 1)pr = 3 and that for each u € N(ry,),

sup ( 3 1—1)§ sup ( 3 1—1):( 3 1)—1.

te(rn,rnﬂ) vEN(t):uSU tE(Tn,Tn+1) ’UEN(t):’U,S’U UEN(Tn+1)Zu§U
Define
rm+%
=~ n
Zpt1 1= -y, Z 1{min5§m Xu(s)>0} Z L
€ 2 uEN (ry) VEN (rpi1)u<v
We claim that P, almost surely,
Znit — By (Znﬂ\fm) 0. (3.52)

If the claim is true, then

— — — _ Z(O7OO) O, 00
ZTL+1 — ECE (Z’I’L-‘r]. "Frn> — Zn+1 _ e2(”'n+1 T'n)r;LnW — 0
Tn e(l=3)rn

Using this and (3.51)), we get
me+3 25, ((0, )

(0,00) (0,00)
Z 0,00)) — Zs 0,00)) _ ~
Sup t (( ? )) n (( )) S Zn+1 — T

_ 62 62
tE('I‘n,’I‘n+1) rn3/2€(177)rn 6(177)7‘71

(0,00)
~ ~ _ Zr, (0, 00))
T m~+1/ _2(rn Tn n )
w1~ e (ZnJrl’ Tn) "n (6 e - 1) r_1/2@(1—022 )Tn

T

m
n

— 0,
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where for the last limit, we used Proposition (i) (iii) with m = 0 and the fact that r™+1 (e2(m+1=7n) —
1) = r™*O(rpy1 — ) = o(1) under the assumption & > 2m + 2. Thus the assertion of the lemma
is valid.

Now we prove the claim . We consider another branching Brownian motion with under-
lying motion according to a standard Brownian motion with drift —6, with branching rate equal
to 1 and with offspring distribution according to P, (E =k +1) = pi for all £ € N, then we may
define another change-of-measure
Zueﬁ(t) 1

T 26
v €

dP,
dP,

then a similar formula as Lemma [2.1] can be established: N
For any ¢t > 0 and u € N(t), let I'(u, t) be a non-negative F;-measurable random variable. Then

Ex< 3 r(u,t)) = 2K, (D(&,1)). (3.53)

ueN(t)

For w € N(t) with ¢ €~(7“n, Tni1), let J% O,, denote the death time and the number of offspring of w
respectively. For v € N(rp41), define By, , to be the event that, for all w < v with d,, € (7, rn41),
it holds that O,, < e®", where 0 < ¢y < 1 — & is fixed. Define

B . _
Zn+l T l—ﬁ Z 1{mi1’15§7«n Xu(8)>0} Z 1§n,v.

uEN (ry) veﬁ(rn+1):u§v

Now for v € ]V(rnﬂ — ), ﬁn,v denotes the event that, for all w < v, it holds that Ow < eom.
Let d; be the i-th splitting time of the spine and O; be the number of children produced by the
spine at time d;. Define Dnérnﬂ—rn to be the event that, for all ¢ with d; < ry, 1 — 7y, it holds that

O; < e®™. Then by the branching property, the Markov property and (3.53|), we have
E, ( Znt1— Zf+1‘ ‘frn>
m—&—%

=t Z 1{mins§rn Xu(s)>0}]EXu(Tn)( Z 15;«%”)

= 176 N i
6( 2 )7’ uEN(’I’n) UGN(T”,LJrl*Tn)
Ter%
n ~
(l—ﬁ)’f‘ Z l{minsgrn X’u(s)>0} EX'U'(T”) (156 ) .

2/ UEN (1) m8rp 1T

_ e2(rn+1 —Tn)

Noticing that (1.3 implies Ex(long 0,) = Eo(logf)‘ 01) < oo, we obtain

Em<

Zn+1 - ZnB-i—l‘ ‘}—rn)

m+%
T'n ™
< ™ = ~
S Er 2 Yo s Bre (2 Lgsem)
e 2 UEN (ry) i:d;<rn41—Tn
m—i—%
I Y1 Tntl —Tn
~ -2y, {mini<r, Xu(s)>0} nl+A
€ 2 u€EN (7,)
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Now taking expectation with respect to P, using Lemma and Lemma [2.4]i) (ii), we get that

~ ~ _ mTy
E, <‘Zn+1 - Zfﬂ‘) S Tn;11+,\ - Py (min Xe(s) > 0>

(1 o2 ST s<rn

0rTn+l —Tn mi1
5 xre WTTL . (354)

Similarly, by the branching property and the Markov property,

~5 2 T2m+3
E; (Zn+1 E, (Zn+1’an)’ ‘]:rn> —W Z 1{mins§,.n Xu(s)>0}
wEN (ry)
2
XEXM)(( >, 15, —EXu<rn>( > 15n,v>> )
veﬁ(rn+1—rn) ve]v(rn.;.l—rn)
2m+3 2
< ;1”? > Yuin,, xu(s)>o}Exu(rn>(( > 15M) ) (355)
e ( z)Tn u€EN (p) veﬁ(rn+1—rn)

By , we see that
Ex(rm) (( . > 15n,v>2> = P mmEK () (15n,§rn+rm > 15n,v)

VEN (rpt1—rn) VEN (Prnt1—7n)

S Exuin (15 > 1)

L -
VEN (Trn+1—Tn)

On the set D we have

nafrn+1 —rn’?

EXu(rn)< Z 1‘67@,52' D> 1) = Z (52 _ 1) o2(rn41—rn—d;)

VEN (Trn+1—7n) 1:d;<rn41—7rn

Set oy

1:d; <rp41—Tn

which implies that

Ex, (r,) (15

Z 1) < econﬁxu(rn)< Z 1) S e (rpg1 — ).

”vgrn —r
+1 n L~
VEN (Tn+1—Tn) :d; <Tp41—Tn

Therefore, plugging this upper-bound back to (3.55)), we have

2m+3 econ

I7e 2 Tn (T —’I"n)
<‘ gl — (Zf+1|]'—rn)‘ ‘frn) S e ;ri Z 1{minsgmxu(s)>o}'

wEN (ry)

Taking expectation with respect to P, using Lemma and Lemma (i), we conclude that

- . 2 r2m+3econ(r —r )
B B n+1 n "
o < Zia ~Be (Z20]7:.) ) ST e, (Vminecr, x50}
g T s 1) (3.50)
~ 2 ° N
(=5 )rn
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First using (3.14) with X = Zn+1, Y = 7B i1 and £ =2, and then and (3.56)), we get that

ZE( )

N _ N o\ 1/2
< 2Z]Ex (‘Zn+1 n—i—lD Z (‘Zf—&-l —E; (Zril’f?“n)‘ >
n=1

n+l — E:v (ZnJrl‘]:rn)

1/2

2

< Z Tn+l — Tn m+1 . rnm+3econ(7, 41— rn)
nl-i-)\ "n (1_7)74" ’

which is finite since for A > 0 and £ > 2m + 2, (rp41 — rn) mtl — O(n(m=r+2)/5) = (1) and
> 2| = < 0o. Then we finished the proof of the claim (3.52). O

Proof of Theorem For any A > 6m + 6, we can ﬁnd an appropriate k satisfying the
conditions of Proposition and Lemma For instance, we can take k :=2m + 24 (A — 6m —

6)/4 > 2m + 2, then

A=4(k—2m—2)+6m+6>6m+6+2(k—2m—2) =2m+ 2k + 2.

For any ¢ € [0,m], since kK > 2m + 2, we have

Y n+1 m
=t = & [ ey < Pt < gy (3.57)

For ¢ € (rn,rp41), by Lemma 3.5 and (3.57), we get that for any a > 0 and ¢ € (ry, 7n41),

2
70 (a,00) %7 =5 2099 ((q,00))
32050 HTI2 Py 820

(0,00)
_ —m —m ZTn ((CL, OO))
= (1+o(r,™)) (0 (r™) + r;3/26(1—%)rn

2™ ((a,00))
7";3/26(1_%)7""

By (3.57)), we have

1 1
it sup — — —|=o0(1).
" te(rn,Tny1) tt Tf;
Combining the above with Proposition [3.3(i), we get the assertion of Theorem O
Proof of Theorem The proof is similar to that of Theorem [1.1] and we omit the details.
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