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Abstract

Let Z
(0,∞)
t be the point process formed by the positions of all particles alive at time t in

a branching Brownian motion with drift and killed upon reaching 0. We study the asymp-

totic expansions of Z
(0,∞)
t (A) for A = (a, b) and A = (a,∞) under the assumption that∑∞

k=1 k(log k)1+λpk < ∞ for large λ in the regime of θ ∈ [0,
√

2). These results extend and
sharpen the results of Louidor and Saglietti [J. Stat. Phys, 2020] and Kesten [Stochastic Pro-
cess. Appl., 1978].
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1 Introduction and main results

1.1 Introduction

A branching Brownian motion with drift is a continuous-time Markov process defined as follows:
At time 0, there is a particle at site x and it moves according to a Brownian motion with drift −θ,
where θ ∈ R. After an exponential time of parameter 1 independent of the movement, this particle
dies and it splits into k offspring with probability pk. Each of the offspring independently repeats
its parent’s behavior from their birth-place. This procedure goes on. We use Px and Ex to denote
the law of this process and the corresponding expectation operator. Let N(t) be the set of particles
alive at time t and for each u ∈ N(t), we will use Xu(t) to denote the position of the particle. For
s < t and u ∈ N(t), we will also use Xu(s) to denote the position of the ancestor of u at time s.

Suppose now that x > 0 and that, once a particle hits (−∞, 0], we remove it (along with all its
possible descendants) from the system. The resulting branching system is called a branching killed

Brownian motion with drift. Let Z
(0,∞)
t denote the point process formed by the positions of all the

particles alive at time t in the branching killed Brownian motion with drift, i.e.,

Z
(0,∞)
t :=

∑
u∈N(t)

1{mins≤t Xu(s)>0}δXu(t).

Assume that
∞∑
k=0

kpk = 2.
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†The research of this author is supported by NSFC (Grant Nos. 12071011 and 12231002) and The Fundamental

Research Funds for the Central Universities, Peking University LMEQF.
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Kesten [17] proved that for any θ ∈ R, there exists a constant C = C(x, θ) > 0 such that

Ex

(
Z

(0,∞)
t ((0,∞))

)
∼


Ct−3/2e(1−

θ2

2
)t, θ > 0,

Ct−1/2et, θ = 0,
Cet, θ < 0.

Consequently, when θ ≥
√

2, the branching killed Brownian motion with drift will die out. It was
proved in [17] that, when θ <

√
2 and

∑∞
k=1 k

2pk < ∞, the branching killed Brownian motion with
drift will survive with positive probability. In [17], Kesten also stated, without proof, that under
the assumption

∑∞
k=0 k

2pk < ∞, there exists a random variable W (θ) such that

Px

(
W (θ) > 0

∣∣Z(0,∞)
t ((0,∞)) > 0, ∀t > 0

)
= 1 (1.1)

and that
(i) If θ ∈ [0,

√
2), then Px-a.s., simultaneously for all intervals ∆ ⊂ (0,∞) (finite or infinite), it

holds that

Z
(0,∞)
t (∆)

Ex

(
Z

(0,∞)
t (∆)

) t→∞−→ W (θ). (1.2)

(ii) If θ < 0, then Px-a.s.,

e−tZ
(0,∞)
t ((0,∞))

t→∞−→ W (θ).

In [21], Louidor and Saglietti proved that (1.1) and (1.2) hold for the case θ ∈ (0,
√

2).
The purpose of this paper is to extend and sharp the main result of [21]: We weaken the moment

condition from
∑∞

k=1 k
2pk < ∞ to

∑∞
k=1 k log1+λ kpk < ∞ for some λ > 0 and, for any a ≥ 0, give

asymptotic expansions of arbitrary order for

Z
(0,∞)
t ((a,∞))

t−3/2e(1−
θ2

2
)t

under this weaker assumption. We emphasize here that we do not use the results of [21] in this
paper and that, as a consequence of Theorem 1.1 below, we give another proof of (1.2) under the
weaker condition. We also include the case θ = 0. It is natural to study similar problems for the
case θ < 0. We believe things might be different in this case and we plan to tackle this in a future
work.

For other recent results on branching killed Brownian motion with drift, see [3, 4, 5, 6, 7, 14,
15, 19, 20, 22] and references therein. For asymptotic expansions for branching random walks and
branching Wiener processes, see [8, 9, 10, 11, 12, 13, 24] and references therein.

1.2 Main results

We will assume that

∞∑
k=1

k(log k)1+λpk < ∞, (1.3)
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for some λ > 0. Let Hk be the k-th order Hermite polynomial: H0(x) := 1 and for k ≥ 1,

Hk(x) :=

[k/2]∑
j=0

k!(−1)j

2jj!(k − 2j)!
xk−2j .

It is well known that, if {(Bt)t≥0,Π0} is a standard Brownian motion, then, for any k ≥ 1,
{tk/2Hk(Bt/

√
t), σ(Bs : s ≤ t), Π0} is a martingale. Throughout this paper N = {0, 1, 2 · · · }.

Now for θ ∈ [0,
√

2) and k ∈ N, we define

M
(2k+1,θ)
t := e−(1− θ2

2
)t
∑

u∈N(t)

1{mins≤t Xu(s)>0}e
θXu(t)t(2k+1)/2H2k+1

(
Xu(t)√

t

)
, t ≥ 0. (1.4)

We will prove later (see Proposition 3.1) that, for any x > 0, k ∈ N and θ ∈ [0,
√

2), M
(2k+1,θ)
t

is a martingale, and if (1.3) holds for some large λ, then M
(2k+1,θ)
t converges to a limit M

(2k+1,θ)
∞

Px-almost surely and in L1(Px).

Theorem 1.1 Assume the drift θ is in (0,
√

2). For any given m ∈ N, if (1.3) holds for some
λ > 6m + 6, then for any x > 0, a ≥ 0, Px-almost surely, as t → ∞,

Z
(0,∞)
t ((a,∞))

t−3/2e(1−
θ2

2
)t

= −
√

2

π

m∑
ℓ=0

H2ℓ+2(0)

tℓ

ℓ∑
k=0

M
(2k+1,θ)
∞

(2k + 1)!(2ℓ− 2k + 1)!

∫ ∞

a
z2ℓ−2k+1e−θzdz + o(t−m).

Note that, from Theorem 1.1, one can immediately get the asymptotic expansion of

Z
(0,∞)
t ((a, b))

t−3/2et

for any finite interval (a, b) ⊂ (0,∞). For the case θ = 0, the result is a little bit different. For
finite intervals, the normalization function is the same as in Theorem 1.1. For infinite intervals, the
normalization function is different.

Theorem 1.2 Assume that the drift θ is 0. For any given m ∈ N, if (1.3) holds for some λ >
6m + 6, then

(i) for any x > 0, b > a ≥ 0, Px-almost surely, as t → ∞,

Z
(0,∞)
t ((a, b))

t−3/2et

= −
√

2

π

m∑
ℓ=0

H2ℓ+2(0)

tℓ

ℓ∑
k=0

M
(2k+1,0)
∞

(2k + 1)!(2ℓ− 2k + 1)!

∫ b

a
z2ℓ−2k+1dz + o(t−m);

(ii) for any x > 0, a ≥ 0, Px-almost surely, as t → ∞,

Z
(0,∞)
t ((a,∞))

t−1/2et
=

√
2

π

m∑
ℓ=0

H2ℓ(0)

tℓ

ℓ∑
k=0

M
(2k+1,0)
∞

(2k + 1)!(2ℓ− 2k)!
a2ℓ−2k + o(t−m).
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Remark 1.3 Note that we only dealt with the case that the branching rate is 1 and the mean
number of offspring is 2 in the two theorems above. In the general case when the branching rate
is β > 0 and the mean number of offspring is µ > 1, one can use the same argument to prove
the following counterpart of Theorem 1.1: Let θ ∈ (0,

√
2β(µ− 1)). For any given m ∈ N, if (1.3)

holds for some λ > 6m + 6, then for any x > 0, a ≥ 0, Px-almost surely, as t → ∞,

Z
(0,∞)
t ((a,∞))

t−3/2e(β(µ−1)− θ2

2
)t

= −
√

2

π

m∑
ℓ=0

H2ℓ+2(0)

tℓ

ℓ∑
k=0

M
(2k+1,θ)
∞

(2k + 1)!(2ℓ− 2k + 1)!

∫ ∞

a
z2ℓ−2k+1e−θzdz + o(t−m),

with M
(2k+1,θ)
∞ given by

M (2k+1,θ)
∞ := lim

t→∞
e−(β(µ−1)− θ2

2
)t
∑

u∈N(t)

1{mins≤t Xu(s)>0}e
θXu(t)t(2k+1)/2H2k+1

(
Xu(t)√

t

)
. (1.5)

The counterpart of Theorem 1.2 in the general case is as follows: For any given m ∈ N, if (1.3)
holds for some λ > 6m + 6, then

(i) for any x > 0, b > a ≥ 0, Px-almost surely, as t → ∞,

Z
(0,∞)
t ((a, b))

t−3/2eβ(µ−1)t

= −
√

2

π

m∑
ℓ=0

H2ℓ+2(0)

tℓ

ℓ∑
k=0

M
(2k+1,0)
∞

(2k + 1)!(2ℓ− 2k + 1)!

∫ b

a
z2ℓ−2k+1dz + o(t−m);

(ii) for any x > 0, a ≥ 0, Px-almost surely, as t → ∞,

Z
(0,∞)
t ((a,∞))

t−1/2eβ(µ−1)t
=

√
2

π

m∑
ℓ=0

H2ℓ(0)

tℓ

ℓ∑
k=0

M
(2k+1,0)
∞

(2k + 1)!(2ℓ− 2k)!
a2ℓ−2k + o(t−m),

with M
(2k+1,0)
∞ given in (1.5).

Note that if
∑∞

k=1 k
1+ϵpk < ∞ for some ϵ > 0, then the conclusions of Theorems 1.1 and 1.2

hold for all m ∈ N.
Our strategy for proving these two theorems is as follows. We will choose appropriate κ > 1

and define

rn := n
1
κ , n ∈ N.

We first study the asymptotic expansion along {rn : n ∈ N}, which is given by Proposition 3.3,
and then control the behavior for t ∈ (rn, rn+1), see Lemma 3.5 below. Once we have Proposition
3.3 and Lemma 3.5, the proofs of Theorems 1.1 and 1.2 are straight-forward. To prove Proposition

3.3, we first show that Z
(0,∞)
rn (A) ≈ Ex

(
Z

(0,∞)
rn (A)

∣∣F√
rn

)
, where Ft is the σ-field generated by the

branching Brownian motion with drift up to t, see Lemma 3.2 below for more details. We then
prove Proposition 3.3 with the help of two series expansions for the normal distribution (see Lemma

2.7 and Lemma 2.8) and the convergence rate for martingales M
(2k+1,θ)
t (see Proposition 3.1). To

prove Lemma 3.5, we first give a lower bound of Z
(0,∞)
t (A) (see Lemma 3.4), then accomplish the

proof of Lemma 3.5 by proving an upper bound of Z
(0,∞)
t ((0,∞)).
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2 Preliminaries

2.1 Spine decomposition

Define

dPx

dPx

∣∣∣∣
Ft

:=

∑
u∈N(t) 1

et
, (2.1)

then, under Px, the branching Brownian motion has the following spine decomposition(see [18], or
[23] for a more general case):

(i) there is an initial marked particle at x ∈ R which moves according to standard Brownian
motion with drift −θ;

(ii) the branching rate of this marked particle is 2;
(iii) when the marked particle dies at site y, it gives birth to L̂ children with Px(L̂ = k) = kpk/2;
(iv) one of these children is uniformly selected and marked, and the marked child evolves as

its parent and the other children evolve with law Py, where Py denotes the law of a branching
Brownian motion starting at y, and all the children evolve independently.

We use ξt and Xξ(t) to denote the marked particle at time t and the position of this marked
particle respectively. By [23, Theorem 2.11], we can get that for u ∈ N(t),

Px

(
ξt = u

∣∣Ft

)
=

1∑
u∈N(t) 1

. (2.2)

Using (2.2), we get the following many-to-one formula:

Lemma 2.1 For any x ∈ R, t > 0 and u ∈ N(t), let Γ(u, t) be a non-negative Ft-measurable
random variable. Then

Ex

( ∑
u∈N(t)

Γ(u, t)
)

= etEx (Γ(ξt, t)) .

Proof: Combining (2.1) and (2.2), we get

Ex

( ∑
u∈N(t)

Γ(u, t)
)

= etEx

( ∑
u∈N(t)

Γ(u, t)∑
v∈N(t) 1

)
= etEx

( ∑
u∈N(t)

Γ(u, t)Px

(
ξt = u

∣∣Ft

))
= etEx

(
Ex

( ∑
u∈N(t)

1{ξt=u}Γ(u, t)
∣∣Ft

))
= etEx

(
Γ(ξt, t)

∑
u∈N(t)

1{ξt=u}

)
= etEx (Γ(ξt, t)) .

2

2.2 Some useful facts

Lemma 2.2 (i) Let ℓ ∈ [1, 2]. Then for any finite family of independent centered random variables
{Xi : i = 1, . . . , n} with E|Xi|ℓ < ∞ for all i = 1, . . . , n, it holds that

E
∣∣ n∑
i=1

Xi

∣∣ℓ ≤ 2

n∑
i=1

E|Xi|ℓ.

(ii) For any ℓ ∈ [1, 2] and any random variable X with E|X|ℓ < ∞,

E |X − EX|ℓ ≲ E|X|ℓ ≤ (EX2)ℓ/2.
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Proof: For (i), see [25, Theorem 2]. (ii) follows easily from Jensen’s inequality. 2

We will use Π−θ
x and Πx to denote the laws of a Brownian motion with drift −θ starting

from x and a standard Brownian motion starting from x respectively. Let ϕ(x) := 1√
2π
e−x2/2 and

Φ(x) :=
∫ x
−∞ ϕ(y)dy.

Lemma 2.3 (i) Let (Bt,Π
↑
x) be a 3-dimensional Bessel process with transition density

p↑t (x, y) = 1{y>0}
ye−(y−x)2/(2t)

x
√

2πt

(
1 − e−2xy/t

)
= 1{y>0}

y

x
√
t

(
ϕ

(
y − x√

t

)
− ϕ

(
y + x√

t

))
.

Then for any θ ∈ [0,
√

2), we have

dΠ↑
x

dΠ−θ
x

∣∣∣∣
σ(Bs:s≤t)

=
Bte

θ(Bt−x)+ θ2

2
t

x
1{mins≤t Bs>0}.

(ii) For any t, x, y > 0,

p↑t (x, y) ≲
y2

t3/2
e−(x−y)2/(2t) ≤ y2

t3/2
.

Proof: (ii) follows from the inequality 1 − e−x ≤ x, x > 0. For (i), note that under Πx, both

Bt

x
1{mins≤t Bs>0} and e−θ(Bt−x)− θ2

2
t

are mean 1 non-negative martingales and that we have the following change-of-measure:

dΠ↑
x

dΠx

∣∣∣∣
σ(Bs:s≤t)

=
Bt

x
1{mins≤t Bs>0} and

dΠ−θ
x

dΠx

∣∣∣∣
σ(Bs:s≤t)

= e−θ(Bt−x)− θ2

2
t.

Therefore, (i) follows from

dΠ↑
x

dΠ−θ
x

∣∣∣∣
σ(Bs:s≤t)

=
dΠ↑

x

dΠx

∣∣∣∣
σ(Bs:s≤t)

×

(
dΠ−θ

x

dΠx

∣∣∣∣
σ(Bs:s≤t)

)−1

=
Bte

θ(Bt−x)+ θ2

2
t

x
1{mins≤t Bs>0}.

2

Lemma 2.4 (i) Let θ ∈ (0,
√

2). For any x, t > 0 and Borel set A ⊂ (0,∞), it holds that

Π−θ
x

(
min
s≤t

Bs > 0, Bt ∈ A

)
=

√
2

π
xeθxt−3/2e−

θ2

2
t

(∫
A
ye−θydy + εA(x, t)

)
,

with εA(x, t) satisfying

|εA(x, t)| ≤ Cθ

(
1 ∧ (x + 1)2

t

)
for some constant Cθ depending on θ only. In particular, for any fixed θ ∈ (0,

√
2),

Π−θ
x

(
min
s≤t

Bs > 0, Bt ∈ A
)
≲ xeθxt−3/2e−

θ2

2
t.

(ii) For any Borel set A ⊂ (0,∞) and x, t > 0, it holds that

Πx

(
min
s≤t

Bs > 0, Bt ∈ A
)
≲ xt−1/21{sup{y:y∈A}=∞} + xt−3/21{sup{y:y∈A}<∞}.

(iii) For any x, t > 0, θ ∈ [0,
√

2) and Borel set A ⊂ (0,∞), it holds that

Π−θ
x (Bt ∈ A) ≤ eθxe−

θ2

2
t.
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Proof: For (i), see [21, Lemma 3.1]; for (ii), when sup{y : y ∈ A} = ∞, by the reflection principle
for Brownian motion, we have

Πx

(
min
s≤t

Bs > 0
)

= Π0(|Bt| ≤ x) = 2

∫ x

0

1√
2πt

e−y2/(2t)dy ≲
x√
t
.

When sup{y : y ∈ A} < ∞, by Lemma 2.3,

Πx

(
min
s≤t

Bs > 0, Bt ∈ A
)

= xΠ↑
x

(
1A(Bt)

Bt

)
= x

∫
A

1

y
p↑t (x, y)dy ≲

x

t3/2

∫
A
ydy ≲

x

t3/2
.

For (iii), by Girsanov’s theorem,

Π−θ
x (Bt ∈ A) ≤ Π−θ

x (Bt > 0) = Πx

(
e−θ(Bt−x)− θ2

2
t1{Bt>0}

)
≤ eθxe−

θ2

2
t.

2

Lemma 2.5 (i) For any k ≥ 1 and x ∈ R,

|Hk(x)| ≤ 2
√
k!ex

2/4.

Consequently, it holds that

sup
y∈R

|ϕ(y)Hk(y)| ≤
√

2

π

√
k! sup

y∈R
e−y2/4 =

√
2

π

√
k!.

(ii) For any k ∈ N, there exists a constant C(k) such that for all x ∈ R,

|H2k+1(x)| ≤ C(k)|x|
(
|x|2k + 1

)
.

Proof: For (i), see [12, (4.1) ]; (ii) follows from the definition of H2k+1(x). 2

Lemma 2.6 For any ρ ∈ (0, 1), b, x ∈ R, it holds that

Φ

(
b− ρx√
1 − ρ2

)
= Φ(b) − ϕ(b)

∞∑
k=1

ρk

k!
Hk−1(b)Hk(x).

Proof: See [12, Lemma 4.2.]. 2

Recall that rn = n1/κ. Applying Lemma 2.6 with ρ = r
−1/4
n , b = r

−1/2
n z and x = r

−1/4
n y, we get

that for any z, y ∈ R,

Φ

(
z − y√
rn −√

rn

)
= Φ

(
z

√
rn

)
− ϕ

(
z

√
rn

) ∞∑
k=1

1

k!

1

r
k/2
n

Hk−1

(
z

√
rn

)
rk/4n Hk

(
y

r
1/4
n

)
.

Noting that, for any k ∈ N, H2k is an even function and H2k+1 is an odd function, we get that

Φ

(
z + y√
rn −√

rn

)
− Φ

(
z − y√
rn −√

rn

)

= 2ϕ

(
z

√
rn

) ∞∑
k=0

1

(2k + 1)!

1

r
(2k+1)/2
n

H2k

(
z

√
rn

)
r(2k+1)/4
n H2k+1

(
y

r
1/4
n

)
. (2.3)
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Lemma 2.7 For any given m ∈ N and κ > 1, let K > 0 be a fixed constant and J be an integer
such that J > 2m + Kκ−1

2 . Then for any y, z ∈ R, it holds that

Φ

(
z + y√
rn −√

rn

)
− Φ

(
z − y√
rn −√

rn

)

= 2ϕ

(
z

√
rn

) J∑
k=0

1

(2k + 1)!

1

r
(2k+1)/2
n

H2k

(
z

√
rn

)
r(2k+1)/4
n H2k+1

(
y

r
1/4
n

)
+ εm,y,z,n,κ (2.4)

with

r(2m+1)/2
n sup

{
|εm,y,z,n,κ| : z ∈ R, |y| ≤

√
K
√
rn log n

}
n→∞−→ 0.

Proof: By Lemma 2.5 (i), for all k ≥ 1, z ∈ R and |y| ≤
√
K
√
rn log n,

r
(2m+1)/2
n

(2k + 1)!

1

r
(2k+1)/2
n

∣∣∣∣ϕ( z
√
rn

)
H2k

(
z

√
rn

)∣∣∣∣×
∣∣∣∣∣r(2k+1)/4

n H2k+1

(
y

r
1/4
n

)∣∣∣∣∣
≤ 4r

(2m+1)/2
n

r
(2k+1)/4
n

1√
2π

ey
2/

√
rn ≤ 4√

2π

1

n(2k−1−4m)/(4κ)
nK/4.

Combining this with (2.3), we get that (2.4) holds with

rmn sup
z∈R,|y|≤

√
K
√
rn logn

|εm,y,z,n|

≤ 4√
2π

∞∑
k=J+1

1

n(2k−1−4m)/(4κ)
nK/4 ≲

1

n(2(J+1)−1−4m)/(4κ)
nK/4,

which tends to 0 is since J > 2m + Kκ−1
2 . 2

Taking derivative with respect to b in Lemma 2.6, and using the fact that

dk

dbk
Φ(b) = (−1)k−1Hk−1(b)ϕ(b), (2.5)

we get that

1√
1 − ρ2

ϕ

(
b− ρx√
1 − ρ2

)
= ϕ(b) + ϕ(b)

∞∑
k=1

ρk

k!
Hk(b)Hk(x). (2.6)

Taking ρ = r
−1/4
n , b = r

−1/2
n z and x = r

−1/4
n y in (2.6), we get that for any z, y ∈ R,

√
rn√

rn −√
rn

ϕ

(
z − y√
rn −√

rn

)
= ϕ

(
z

√
rn

)(
1 +

∞∑
k=1

1

k!

1

r
k/2
n

Hk

(
z

√
rn

)
rk/4n Hk

(
y

r
1/4
n

))
.(2.7)

Noting that, for any k ∈ N, H2k is an even function and H2k+1 is an odd function, we deduce from
(2.7) that

√
rn√

rn −√
rn

(
ϕ

(
z − y√
rn −√

rn

)
− ϕ

(
z + y√
rn −√

rn

))
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= 2ϕ

(
z

√
rn

) ∞∑
k=0

1

(2k + 1)!

1

r
(2k+1)/2
n

H2k+1

(
z

√
rn

)
r(2k+1)/4
n H2k+1

(
y

r
1/4
n

)
.

Using an argument similar to that leading to Lemma 2.7, we also have the following lemma. We
omit the proof.

Lemma 2.8 For any given m ∈ N and κ > 1, let K > 0 be a fixed constant and J be an integer
such that J > 2m + Kκ+1

2 . Then for any y, z ∈ R, it holds that

√
rn√

rn −√
rn

(
ϕ

(
z − y√
rn −√

rn

)
− ϕ

(
z + y√
rn −√

rn

))

= 2ϕ

(
z

√
rn

) J∑
k=0

1

(2k + 1)!

1

r
(2k+1)/2
n

H2k+1

(
z

√
rn

)
r(2k+1)/4
n H2k+1

(
y

r
1/4
n

)
+ εm,y,z,n,κ

with

rm+1
n sup

{
|εm,y,z,n,κ| : z ∈ R, |y| ≤

√
K
√
rn log n

}
n→∞−→ 0.

3 Proofs of the main results

3.1 Convergence rate for the martingales

Proposition 3.1 Suppose x > 0 and θ ∈ [0,
√

2) (i) For any k ∈ N, {M (2k+1,θ)
t , t ≥ 0; Px} is a

martingale. (ii) If (1.3) holds for some λ > k, then M
(2k+1,θ)
t converges to a limit M

(2k+1,θ)
∞ Px-a.s.

and in L1(Px). Moreover, for any η ∈ (0, λ− k), as t → ∞,

M
(2k+1,θ)
t −M (2k+1,θ)

∞ = o(t−(λ−k)+η), Px-a.s.

Proof: (i) We will use v < u to denote that v is an ancestor of u and v ≤ u to denote v = u or
v < u. By the Markov property and Lemma 2.1, for any t, s > 0,

Ex

(
M

(2k+1,θ)
s+t

∣∣Ft

)
= e−(1− θ2

2
)(t+s)

∑
v∈N(t)

1{minr≤t Xv(r)>0}(t + s)(2k+1)/2

× EXv(t)

 ∑
u∈N(t+s):v≤u

1{minr≤s Xv(t+r)>0}e
θXv(t+s)H2k+1

(
Xu(t + s)√

t + s

) ∣∣∣Ft


= e−(1− θ2

2
)(t+s)

∑
v∈N(t)

1{minr≤t Xv(r)>0}

× esEXv(t)

(
1{minr≤s Xξ(r)>0}e

θXξ(s)(t + s)(2k+1)/2H2k+1

(
Xξ(s)√
t + s

))
=: e−(1− θ2

2
)(t+s)

∑
v∈N(t)

1{minr≤t Xv(r)>0}F (s, t,Xv(t)). (3.1)

Note that Xξ(s) under Px is a standard Brownian motion with drift −θ. It follows from Lemma
2.3 (i) that

F (s, t,Xv(t)) = e(1−
θ2

2
)sXv(t)eθXv(t)Π↑

Xv(t)

(
(t + s)(2k+1)/2

Bs
H2k+1

(
Bs√
t + s

))

9



= e(1−
θ2

2
)sXv(t)eθXv(t)

∫ ∞

0

(t + s)(2k+1)/2

y
H2k+1

(
y√
t + s

)
× y

Xv(t)
√
s

(
ϕ

(
y −Xv(t)√

s

)
− ϕ

(
y + Xv(t)√

s

))
dy

= e(1−
θ2

2
)seθXv(t)

∫ ∞

0
(t + s)(2k+1)/2H2k+1

(
y√
t + s

) ϕ
(
y−Xv(t)√

s

)
− ϕ

(
y+Xv(t)√

s

)
√
s

dy.

Using the fact that H2k+1(·) is an odd function and that ϕ(·) is an even function, we have

F (s, t,Xv(t)) = e(1−
θ2

2
)seθXv(t)

∫ ∞

−∞
(t + s)(2k+1)/2H2k+1

(
y√
t + s

) ϕ
(
y−Xv(t)√

s

)
√
s

dy

= e(1−
θ2

2
)seθXv(t)

∫ ∞

−∞
(t + s)(2k+1)/2H2k+1 (z)

√
t + s√
s

ϕ

(√
t + sz −Xv(t)√

s

)
dz.

Taking ρ :=
√

t/(s + t), b = z, x = Xv(t)/
√
t in (2.6), we see that

√
t + s√
s

ϕ

(√
t + sz −Xv(t)√

s

)
= ϕ(z) + ϕ(z)

∞∑
ℓ=1

tℓ/2

ℓ!

1

(t + s)ℓ/2
Hℓ(z)Hℓ

(
Xv(t)√

t

)
.

Combining these with Lemma 2.5(i) and the fact ϕ(z)ez
2/4 ≲ e−z2/4, we can easily get that for any

s, t > 0, y ∈ R, the series

H2k+1 (z)ϕ(z)
∞∑
ℓ=1

tℓ/2

ℓ!

1

(t + s)ℓ/2
Hℓ(z)Hℓ

(
y√
t

)
is uniformly convergent in z ∈ R. Now applying the property

∫∞
−∞Hm(z)Hn(z)ϕ(z)dz = δm,nn!,

we get

F (s, t,Xv(t))

= e(1−
θ2

2
)seθXv(t)

∫ ∞

−∞
(t + s)(2k+1)/2 t

(2k+1)/2

(2k + 1)!

H2k+1 (z)ϕ(z)

(t + s)(2k+1)/2
H2k+1(z)H2k+1

(
Xv(t)√

t

)
dz

= e(1−
θ2

2
)seθXv(t)t(2k+1)/2H2k+1

(
Xv(t)√

t

)
.

Plugging this into (3.1), we get (i).
(ii) Suppose (1.3) holds for some λ > k. If the first assertion of (ii) holds along t = n ∈ N, then

it is valid along all t since for t ∈ (n, n + 1), M
(2k+1,θ)
t = Ex

(
M

(2k+1,θ)
n+1

∣∣Ft

)
= Ex

(
M

(2k+1,θ)
∞

∣∣Ft

)
.

In the following we use two steps to prove the assertion of (ii) holds for the case t = n ∈ N.

Step 1: In this step, we will define a truncated process M
(2k+1,θ,B)
n+1 and give first moment

estimate for M
(2k+1,θ)
n+1 −M

(2k+1,θ,B)
n+1 . Let dv, Ov denote the death time and the number of offspring

of v respectively. For u ∈ N(n + 1), let Bn,u be the event that, for all v < u with dv ∈ (n, n + 1),
it holds that Ov ≤ ec0n, where c0 > 0 is a small constant to be determined later. Define

M
(2k+1,θ,B)
n+1

:= e−(1− θ2

2
)(n+1)

∑
u∈N(n+1)

1{mins≤n+1 Xu(s)>0}e
θXu(n+1)(n + 1)(2k+1)/2H2k+1

(
Xu(n + 1)√

n + 1

)
1Bn,u .
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By the branching property, it holds that∣∣∣M (2k+1,θ)
n+1 −M

(2k+1,θ,B)
n+1

∣∣∣
≤ e−(1− θ2

2
)(n+1)

∑
u∈N(n+1)

1{mins≤n+1 Xu(s)>0}e
θXu(n+1)(n + 1)(2k+1)/2

∣∣∣∣H2k+1

(
Xu(n + 1)√

n + 1

)∣∣∣∣ 1Bc
n,u

= e−(1− θ2

2
)(n+1)

∑
v∈N(n)

1{mins≤n Xv(s)>0}

×
∑

u∈N(n+1):v≤u

1{mins≤1 Xu(n+s)>0}e
θXu(n+1)(n + 1)(2k+1)/2

∣∣∣∣H2k+1

(
Xu(n + 1)√

n + 1

)∣∣∣∣ 1Bc
n,u

.

Using the Markov property first and then Lemma 2.5(ii), we get that

Ex

(∣∣∣M (2k+1,θ)
n+1 −M

(2k+1,θ,B)
n+1

∣∣∣ ∣∣∣Fn

)
≤ e−(1− θ2

2
)(n+1)

∑
v∈N(n)

1{mins≤n Xv(s)>0}

× EXv(n)

 ∑
u∈N(1)

1{mins≤1 Xu(s)>0}e
θXu(1)(n + 1)(2k+1)/2

∣∣∣∣H2k+1

(
Xu(1)√
n + 1

)∣∣∣∣ 1Dc
n,u


≲ e−(1− θ2

2
)(n+1)

∑
v∈N(n)

1{mins≤n Xv(s)>0}

× EXv(n)

 ∑
u∈N(1)

1{mins≤1 Xu(s)>0}Xu(1)eθXu(1)
(

(Xu(1))2k + (n + 1)k
)

1Dc
n,u

 ,

where for u ∈ N(1), Dn,u denotes the event that, for all w < u with dw < 1, it holds that Ow ≤ ec0n.
Let di be the i-th splitting time of the spine and Oi be the number of children produced by the
spine at time di. Define Dn,ξ1 to be the event that, for all i with di < 1, it holds that Oi ≤ ec0n.
By Lemma 2.1,

Ex

(∣∣∣M (2k+1,θ)
n+1 −M

(2k+1,θ,B)
n+1

∣∣∣ ∣∣∣Fn

)
≲ e−(1− θ2

2
)(n+1)

∑
v∈N(n)

1{mins≤n Xv(s)>0}

× eEXv(n)

(
1{mins≤1 Xξ(s)>0}Xξ(1)eθXξ(1)

(
Xξ(1)2k + (n + 1)k

)
1Dc

n,ξ1

)
=: e1−(1− θ2

2
)(n+1)

∑
v∈N(n)

1{mins≤n Xv(s)>0}R(Xv(n)). (3.2)

Conditioned on the motion Xξ, {di : i ≥ 1} are the atoms of a Poisson poin process with rate 2 and

{Oi : i ∈ N} are iid copies of L̂ with law Px(L̂ = ℓ) = ℓpℓ/2 which are independent of {di : i ∈ N}.
Therefore, Dn,ξ1 is independent of Xξ(t). Together with Lemma 2.3 (i), we get that

R(Xv(n)) = EXv(n)

(
1{mins≤1 Xξ(s)>0}Xξ(1)eθXξ(1)

(
Xξ(1)2k + (n + 1)k

))
EXv(n)

(
1Dc

n,ξ1

)
≤ e−

θ2

2 Xv(n)eθXv(n)Π↑
Xv(n)

(
B2k

1 + (n + 1)k
)
EXv(n)

 ∑
i:di≤1

1{Oi>ec0n}
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= 2e−
θ2

2 Xv(n)eθXv(n)Π↑
Xv(n)

(
B2k

1 + (n + 1)k
)
Px(L̂ > ec0n). (3.3)

Noticing that (Bt,Π
↑
x) is a 3-dimensional Bessel process, we easily see that

Π↑
Xv(n)

(
B2k

1 + (n + 1)k
)
≤ Π↑

0

(
(B1 + y)2k + (n + 1)k

) ∣∣
y=Xv(n)

≲ (Xv(n))2k + nk. (3.4)

Noting that (1.3) implies Ex(log1+λ
+ L̂) < ∞, using (3.3) and (3.4), we obtain that

R(Xv(n)) ≲
1

n1+λ
e−

θ2

2 Xv(n)eθXv(n)
(

(Xv(n))2k + nk
)
.

Plugging this inequality into (3.2), we conclude that

Ex

(∣∣∣M (2k+1,θ)
n+1 −M

(2k+1,θ,B)
n+1

∣∣∣ ∣∣∣Fn

)
≲

e−(1− θ2

2
)n

n1+λ

∑
v∈N(n)

1{mins≤n Xv(s)>0}Xv(n)eθXv(n)
(

(Xv(n))2k + nk
)
.

Taking expectation with respect to Px, applying Lemma 2.1 first and then Lemma 2.3 (i), we get
that

Ex

(∣∣∣M (2k+1,θ)
n+1 −M

(2k+1,θ,B)
n+1

∣∣∣)
≲

e−(1− θ2

2
)n

n1+λ
Ex

( ∑
v∈N(n)

1{mins≤n Xv(s)>0}Xv(n)eθXv(n)
(

(Xv(n))2k + nk
))

=
e

θ2

2
n

n1+λ
Ex

(
1{mins≤n Xξ(s)>0}e

θXξ(n)Xξ(n)
(

(Xξ(n))2k + nk
))

=
xeθx

n1+λ
Π↑

x

(
(Bn)2k + nk

)
≤ xeθx

n1+λ
Π↑

0

(
(Bn + x)2k + nk

)
≲

1

n1+λ
Π↑

0

(
(Bn)2k + nk

)
=

nk

n1+λ
Π↑

0

(
(B1)

2k + 1
)
, (3.5)

where in the last equality, we used the fact that (Bt,Π
↑
0)

d
= (

√
tB1,Π

↑
0).

Step 2: In this step, we will give an upper bound for the ℓ-th moment of M
(2k+1,θ,B)
n+1 −

Ex

(
M

(2k+1,θ,B)
n+1

∣∣Fn

)
for appropriate ℓ ∈ (1, 2). Combining this with Step 1 will yield the first

result of (ii). For v ∈ N(n), set

Jn,v :=
∑

u∈N(n+1):v≤u

1{mins≤1 Xu(n+s)>0}e
θXu(n+1)(n + 1)(2k+1)/2H2k+1

(
Xu(n + 1)√

n + 1

)
1Bn,u .

By the branching property, {Jn,v : v ∈ N(n)} are independent conditioned on Fn. Thus, for any

fixed 1 < ℓ < min{2/θ2, 2} with (ℓ− 1)2θ2/2 < (ℓ− 1)(1 − θ2

2 ), by Lemma 2.2,

Ex

(∣∣∣M (2k+1,θ,B)
n+1 − Ex

(
M

(2k+1,θ,B)
n+1

∣∣Fn

)∣∣∣ℓ ∣∣Fn

)

= e−ℓ(1− θ2

2
)(n+1)Ex


∣∣∣∣∣∣
∑

v∈N(n)

1{mins≤n Xv(s)>0}
(
Jn,v − Ex

(
Jn,v

∣∣Fn

))∣∣∣∣∣∣
ℓ ∣∣Fn
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≤ 2e−ℓ(1− θ2

2
)(n+1)

∑
v∈N(n)

1{Xv(n)>0}Ex

(∣∣Jn,v − Ex

(
Jn,v

∣∣Fn

)∣∣ℓ ∣∣Fn

)
≲ e−ℓ(1− θ2

2
)(n+1)

∑
v∈N(n)

1{Xv(n)>0}
(
Ex

(
(Jn,v)2

∣∣Fn

))ℓ/2
. (3.6)

Define

J∗
n :=

∑
u∈N(1)

1{mins≤1 Xu(s)>0}e
θXu(1)(n + 1)(2k+1)/2

∣∣∣∣H2k+1

(
Xu(1)√
n + 1

)∣∣∣∣ 1Dn,u .

By the Markov property and Lemma 2.1,

Ex

(
(Jn,v)2

∣∣Fn

)
≤ EXv(n)

(
(J∗

n)2
)

= EXv(n)

 ∑
u∈N(1)

1{mins≤1 Xu(s)>0}e
θXu(1)(n + 1)(2k+1)/2

∣∣∣∣H2k+1

(
Xu(1)√
n + 1

)∣∣∣∣ 1Dn,uJ
∗
n


= eEXv(n)

(
1{mins≤1 Xξ(s)>0}e

θXξ(1)(n + 1)(2k+1)/2

∣∣∣∣H2k+1

(
Xξ(1)√
n + 1

)∣∣∣∣ 1Dn,ξ1
J∗
n

)
. (3.7)

Conditioned on {Xξ, di, Oi : i ≥ 1}, by the Markov property, on the event Dn,ξ1 , we have

EXv(n)

(
J∗
n

∣∣Xξ, di, Oi : i ≥ 1
)

=
∑
i:di≤1

1{mins≤di
Xξ(s)>0}(Oi − 1)

× EXξ(di)

 ∑
u∈N(z)

1{mins≤z Xu(s)>0}e
θXu(z)(n + 1)(2k+1)/2

∣∣∣∣H2k+1

(
Xu(z)√
n + 1

)∣∣∣∣ 1Dn,u

∣∣
z=1−di

≤
∑
i:di≤1

1{mins≤di
Xξ(s)>0}(Oi − 1)

× EXξ(di)

 ∑
u∈N(z)

1{mins≤z Xu(s)>0}e
θXu(z)(n + 1)(2k+1)/2

∣∣∣∣H2k+1

(
Xu(z)√
n + 1

)∣∣∣∣
 ∣∣

z=1−di

≤ ec0n
∑
i:di≤1

1{mins≤di
Xξ(s)>0}e

1−di

×EXξ(di)

(
1{mins≤z Xξ(s)>0}e

θXξ(z)(n + 1)(2k+1)/2

∣∣∣∣H2k+1

(
Xξ(z)√
n + 1

)∣∣∣∣) ∣∣z=1−di

=: ec0n
∑
i:di≤1

1{mins≤di
Xξ(s)>0}e

1−diFn(Xξ(di), 1 − di), (3.8)

where in the last inequality we used the fact that Oi − 1 ≤ ec0n on Dn,ξ1 and Lemma 2.1. Using
Lemma 2.5(ii) in the first inequality, Lemma 2.3 (i) in the first equality and an argument similar
to that leading to (3.4) in the second inequality, we get

Fn(Xξ(di), 1 − di) ≲ EXξ(di)

(
1{mins≤z Xξ(s)>0}e

θXξ(z)Xξ(z)
(

(Xξ(z))2k + (n + 1)k
)) ∣∣

z=1−di

= Xξ(di)e
θXξ(di)e−

θ2

2
(1−di)Π↑

Xξ(di)

(
(Bz)2k + (n + 1)k

) ∣∣
z=1−di

≲ Xξ(di)e
θXξ(di)

(
(Xξ(di))

2k + nk
)

sup
z∈(0,1)

Π↑
0((Bz)2k + 1)
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≲ Xξ(di)e
θXξ(di)

(
(Xξ(di))

2k + nk
)
. (3.9)

Combining (3.8) and (3.9), we obtain that

EXv(n)

(
J∗
n

∣∣Xξ, di, Oi : i ≥ 1
)

≲ ec0n
∑
i:di≤1

1{mins≤di
Xξ(s)>0}e

1−diXξ(di)e
θXξ(di)

(
(Xξ(di))

2k + nk
)

≲ ec0n
∑
i:di≤1

1{mins≤di
Xξ(s)>0}Xξ(di)e

θXξ(di)
(

(Xξ(di))
2k + nk

)
. (3.10)

Plugging (3.10) into (3.7),

Ex

(
(Jn,v)2

∣∣Fn

)
≲ ec0nEXv(n)

(
1{mins≤1 Xξ(s)>0}e

θXξ(1)(n + 1)(2k+1)/2

∣∣∣∣H2k+1

(
Xξ(1)√
n + 1

)∣∣∣∣
×
∫ 1

0
1{mins≤r Xξ(s)>0}Xξ(r)eθXξ(r)

(
(Xξ(r))2k + nk

)
dr

)
≲ ec0nEXv(n)

(
1{mins≤1 Xξ(s)>0}e

θXξ(1)Xξ(1)
(

(Xξ(1))2k + (n + 1)k
)

×
∫ 1

0
1{mins≤r Xξ(s)>0}Xξ(r)eθXξ(r)

(
(Xξ(r))2k + nk

)
dr

)
, (3.11)

where the last inequality follows by Lemma 2.5(ii). Using Lemma 2.3, we can continue the estimate
(3.11) and get

Ex

(
(Jn,v)2

∣∣Fn

)
≲ Xv(n)eθXv(n)ec0nΠ↑

Xv(n)

((
(B1)

2k + (n + 1)k
)∫ 1

0
Bre

θBr

(
(Br)

2k + nk
)

dr

)
≤ Xv(n)e2θXv(n)ec0nΠ↑

0

((
(B1 + y)2k + (n + 1)k

)∫ 1

0
(Br + y)eθBr

(
(Br + y)2k + nk

)
dr

)∣∣
y=Xv(n)

≲ ec0n(Xv(n) + 1)2e2θXv(n)
(

(Xv(n))2k + nk
)2

. (3.12)

Combining (3.6) and (3.12), we have

Ex

(∣∣∣M (2k+1,θ,B)
n+1 − Ex

(
M

(2k+1,θ,B)
n+1

∣∣Fn

)∣∣∣ℓ ∣∣Fn

)
≲ e−ℓ(1− θ2

2
)(n+1)ec0ℓn/2

∑
v∈N(n)

1{Xv(n)>0}(Xv(n) + 1)ℓeℓθXv(n)
(

(Xv(n))2k + nk
)ℓ

≤ e−ℓ(1− θ2

2
)nec0ℓn/2

∑
v∈N(n)

(|Xv(n)| + 1)ℓeℓθXv(n)
(

(Xv(n))2k + nk
)ℓ

.

Taking expectation with respect to Px and applying Lemma 2.1, we conclude that

Ex

(∣∣∣M (2k+1,θ,B)
n+1 − Ex

(
M

(2k+1,θ,B)
n+1

∣∣Fn

)∣∣∣ℓ)
≲ e−ℓ(1− θ2

2
)nec0ℓn/2enEx

(
(|Xξ(n)| + 1)ℓeℓθXξ(n)

(
(Xξ(n))2k + nk

)ℓ)
= e−ℓ(1− θ2

2
)nec0ℓn/2enΠ−θ

x

(
(|Bn| + 1)ℓeℓθBn

(
(Bn)2k + nk

)ℓ)
14



= eθxe−(ℓ−1)(1− θ2

2
)nec0ℓn/2Πx

(
(|Bn| + 1)ℓe(ℓ−1)θBn

(
(Bn)2k + nk

)ℓ)
= eθℓxe−(ℓ−1)(1− θ2

2
)nec0ℓn/2e

(ℓ−1)2θ2

2
nΠ(ℓ−1)θ

x

(
(|Bn| + 1)ℓ

(
(Bn)2k + nk

)ℓ)
≲ e−(ℓ−1)(1− θ2

2
)nec0ℓn/2e

(ℓ−1)2θ2

2
nn2kℓ+ℓ =: n2kℓ+ℓe−c1ℓn, (3.13)

where in the second and third equalities we used the change-of-measure dΠη
x

dΠx

∣∣
σ(Bs:s≤t)

= eη(Bt−x)− η2

2
t

for η = −θ and η = (ℓ − 1)θ respectively. Let c0 > 0 be sufficiently small so that c0ℓ/2 <

(ℓ− 1)(1 − θ2

2 ) − (ℓ− 1)2θ2/2, which implies that c1 > 0. Thus, using the inequality:

E (|X − E(X|F)|) ≤ E (|X − Y |) + E (|Y − E(Y |F)|) + E
(∣∣E (X − Y

∣∣F)∣∣)
≤ 2E (|X − Y |) + E

(
|Y − E(Y |F)|ℓ

)1/ℓ
, (3.14)

(3.5) and (3.13), we get

∞∑
n=1

Ex

(∣∣∣M (2k+1,θ)
n+1 −M (2k+1,θ)

n

∣∣∣)
≤ 2

∞∑
n=1

Ex

(∣∣∣M (2k+1,θ)
n+1 −M

(2k+1,θ,B)
n+1

∣∣∣)+
∞∑
n=1

Ex

(∣∣∣M (2k+1,θ,B)
n+1 − Ex

(
M

(2k+1,θ,B)
n+1

∣∣Fn

)∣∣∣ℓ)1/ℓ

≲
∞∑
n=1

nk

n1+λ
+

∞∑
n=1

n2k+1e−c1n,

which is finite since λ > k. Therefore, M
(2k+1,θ)
n converges to a limit M

(2k+1,θ)
∞ Px-a.s. and in

L1(Px).
Step 3: In this step, we prove the second assertion of (ii). For any η ∈ (0, λ− k), by (3.5) and

(3.13),

∞∑
n=1

nλ−k−ηEx

(∣∣∣M (2k+1,θ)
n+1 −M (2k+1,θ)

n

∣∣∣) ≲
∞∑
n=1

nλ−k−η nk

n1+λ
+

∞∑
n=1

nλ−k−ηn2k+1e−c1n < ∞.

Thus, nλ−k−η
(
M

(2k+1,θ)
n −M

(2k+1,θ)
∞

)
n→∞−→ 0,Px-a.s. (see for example [1, Lemma 2]). For s ∈

[n, n + 1], by Doob’s inequality, for any ε > 0,

∞∑
n=1

Px

(
nλ−k−η sup

n≤s≤n+1

∣∣∣M (2k+1,θ)
s −M (2k+1,θ)

n

∣∣∣ > ε

)

≤ 1

ε

∞∑
n=1

nλ−k−ηEx

(∣∣∣M (2k+1,θ)
n+1 −M (2k+1,θ)

n

∣∣∣) < ∞,

which implies that nλ−k−η supn≤s≤n+1

∣∣∣M (2k+1,θ)
s −M

(2k+1,θ)
n

∣∣∣ n→∞−→ 0,Px-a.s. Therefore, we have

Px-almost surely,

sup
n≤s≤n+1

sλ−k−η
∣∣∣M (2k+1,θ)

s −M (2k+1,θ)
∞

∣∣∣ ≤ (n + 1)λ−k−η sup
n≤s≤n+1

∣∣∣M (2k+1,θ)
s −M (2k+1,θ)

n

∣∣∣
+ (n + 1)λ−k−η

∣∣∣M (2k+1,θ)
n −M (2k+1,θ)

∞

∣∣∣ n→∞−→ 0,

which completes the proof of (ii). 2
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3.2 Asymptotic expansions along discrete time

Lemma 3.2 Assume x > 0 and θ ∈ [0,
√

2). Let An ⊂ (0,∞) be a family of Borel sets such that

either sup
n

sup{y : y ∈ An} < ∞ or inf
n

sup{y : y ∈ An} = ∞.

For any given m ∈ N and κ > 1, if (1.3) holds for some λ > 2m + 2κ + 1, then

rmn

Z
(0,∞)
rn (An) − Ex

(
Z

(0,∞)
rn (An)

∣∣∣F√
rn

)
r−bθ
n e(1−

θ2

2
)rn

= 0, Px-a.s.

where

bθ :=

{
3/2, θ = 0 and supn sup{y : y ∈ An} < ∞ or θ ∈ (0,

√
2);

1/2, θ = 0 and infn sup{y : y ∈ An} = ∞.

In particular, for any Borel set A ⊂ (0,∞), as n → ∞,

rmn

Z
(0,∞)
rn (A) − Ex

(
Z

(0,∞)
rn (A)

∣∣∣F√
rn

)
r−bθ
n e(1−

θ2

2
)rn

= 0, Px-a.s.

Proof: Suppose m ∈ N, κ > 1 and that (1.3) holds for some λ > 2m+2κ+1. We divide the proof

into three steps. In Step 1, we define a truncated process Z
(0,∞),G
rn (An) and give a first-moment

estimate for Z
(0,∞)
rn (An)−Z

(0,∞),G
rn (An), see (3.21) below. In Step 2, we bound the ℓ-th moment of

Z
(0,∞),G
rn (An) − Ex

(
Z

(0,∞),G
rn (An)

∣∣F√
rn

)
for appropriate ℓ ∈ (1, 2), see (3.27) below; In Step 3, we

combine the results obtained in Step 1 and Step 2 to get the assertion of the proposition.
Step 1: Recall that v < u and v ≤ u mean that v is an ancestor of u and that v = u or

v < u respectively. For u ∈ N(rn), define Gn,u to be the event that, for all v < u with death time
dv ∈ (

√
rn, rn), it holds that Ov ≤ ec0

√
rn , where c0 > 0 is a small constant to be determined later.

Define

Z(0,∞),G
rn (An) :=

∑
u∈N(rn)

1{mins≤rn Xu(s)>0}1An(Xu(rn))1Gn,u .

By the branching property, it holds that

Z(0,∞),G
rn (An)

=
∑

v∈N(
√
rn)

1{mins≤√
rn Xv(s)>0}

∑
u∈N(rn):v≤u

1{min√rn<s≤rn Xu(s)>0}1An(Xu(rn))1Gn,u . (3.15)

Therefore, by the Markov property,

rm+bθ
n

e(1−
θ2

2
)rn

Ex

(
Z(0,∞)
rn (An) − Z(0,∞),G

rn (An)
∣∣F√

rn

)
=

rm+bθ
n

e(1−
θ2

2
)rn

∑
v∈N(

√
rn)

1{mins≤√
rn Xv(s)>0}

× EXv(
√
rn)

 ∑
u∈N(rn−

√
rn)

1{mins≤rn−√
rn Xu(s)>0}1An (Xu(rn −

√
rn)) 1Dc

n,u
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=:
rm+bθ
n

e(1−
θ2

2
)rn

∑
v∈N(

√
rn)

1{mins≤√
rn Xv(s)>0}TAn(Xv(

√
rn), rn −

√
rn), (3.16)

where for u ∈ N(rn − √
rn), Dn,u denotes the event that, for all w < u with dw < rn − √

rn, it
holds that Ow ≤ ec0

√
rn . Let di be the i-th splitting time of the spine and Oi be the number of

children produced by the spine at time di. Define Dn,ξrn−√
rn

to be the event that, for all i with

di < rn −√
rn, it holds that Oi ≤ ec0

√
rn . By Lemma 2.1, we get that

TAn(Xv(
√
rn), rn −

√
rn)

= ern−
√
rnEXv(

√
rn)

(
1{mins≤rn−√

rn Xξ(s)>0}1An(Xξ(rn −
√
rn))1Dc

n,ξrn−√
rn

)
. (3.17)

Note that given Xξ, {di : i ≥ 1} are the atoms for a Poisson point process with rate 2, {Oi : i ≥ 1}
are iid with common law L̂ given by Px(L̂ = k) = kpk/2, and that {di : i ≥ 1} and {Oi : i ≥ 1} are
independent. By (1.3), we conclude that

EXv(
√
rn)

(
1Dc

n,ξrn−√
rn

∣∣Xξ(s) : s ≥ 0

)
≤ EXv(

√
rn)

 ∑
i:di<rn−

√
rn

1{Oi>ec0
√

rn}
∣∣Xξ(s) : s ≥ 0


= 2

∫ rn−
√
rn

0
PXv(

√
rn)

(
L̂ > ec0

√
rn
)

ds ≤ 2rn
Ex

(
log1+λ

+ L
)

(c0
√
rn)1+λ

≲
1

r
(λ−1)/2
n

. (3.18)

Plugging (3.18) into (3.17), we get

TAn(Xv(
√
rn), rn −

√
rn). ≲

ern−
√
rn

r
(λ−1)/2
n

PXv(
√
rn)

(
min

s≤rn−
√
rn
Xξ(s) > 0, Xrn−

√
rn ∈ An

)
. (3.19)

Since, under PXv(
√
rn), Xξ(t) is a standard Brownian motion with drift −θ. By Lemma 2.4 (i) and

(ii) with B = An, we get that

PXv(
√
rn)

(
min

s≤rn−
√
rn
Xξ(s) > 0, Xrn−

√
rn ∈ An

)
≲

Xv(
√
rn)eθXv(

√
rn)

(rn −√
rn)bθe

θ2

2
(rn−

√
rn)

≲
Xv(

√
rn)eθXv(

√
rn)

rbθn e
θ2

2
(rn−

√
rn)

. (3.20)

Combining (3.16), (3.19) and (3.20), we get that

rm+bθ
n

e(1−
θ2

2
)rn

Ex

(
Z(0,∞)
rn (An) − Z(0,∞),G

rn (An)
∣∣F√

rn

)
≲

rm+bθ
n

e(1−
θ2

2
)rn

∑
v∈N(

√
rn)

1{mins≤√
rn Xv(s)>0}

ern−
√
rn

r
(λ−1)/2
n

Xv(
√
rn)eθXv(

√
rn)

rbθn e
θ2

2
(rn−

√
rn)

.

=
1

r
(λ−1−2m)/2
n

e−(1− θ2

2
)
√
rn

∑
v∈N(

√
rn)

1{mins≤√
rn Xv(s)>0}Xv(

√
rn)eθXv(

√
rn) =

1

r
(λ−1−2m)/2
n

M
(1,θ)√
rn

,

with M
(1,θ)√
rn

given in (1.4). Now taking expectation with respect to Px, we get that

rm+bθ
n

e(1−
θ2

2
)rn

Ex

(
Z(0,∞)
rn (An) − Z(0,∞),G

rn (An)
)
≲

1

r
(λ−1−2m)/2
n

. (3.21)
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Step 2: By (3.15) and the branching property,

Z(0,∞),G
rn (An) − Ex

(
Z(0,∞),G
rn (An)

∣∣F√
rn

)
=:

∑
v∈N(

√
rn)

1{mins≤√
rn Xv(s)>0}Jn,u,

where conditioned on F√
rn ,
{
Jn,v : v ∈ N(

√
rn)
}

are centered independent random variables de-
fined by

Jn,v =
∑

u∈N(rn):v≤u

1{min√rn<s≤rn Xu(s)>0}1An(Xu(rn))1Gn,u

− Ex

 ∑
u∈N(rn):v≤u

1{min√rn<s≤rn Xu(s)>0}1An(Xu(rn))1Gn,u

∣∣∣F√
rn

 .

Thus, by Lemma 2.2, for any fixed ℓ with 1 < ℓ < min{2, 2/θ2} and (ℓ− 1) θ
2

2 < 1 − θ2

2 ,

Ex

(∣∣∣Z(0,∞),G
rn (An) − Ex

(
Z(0,∞),G
rn (An)

∣∣F√
rn

)∣∣∣ℓ ∣∣∣∣F√
rn

)
≤ 2

∑
v∈N(

√
rn)

1{mins≤√
rn Xv(s)>0}Ex

(
|Jn,v|ℓ

∣∣F√
rn

)
≲

∑
v∈N(

√
rn)

Mn,v, (3.22)

where for each v ∈ N(
√
rn),

Mn,v := EXv(
√
rn)


 ∑

u∈N(rn−
√
rn)

1{mins≤rn−√
rn Xu(s)>0}1An (Xu(rn −

√
rn)) 1Dn,u

ℓ
 .

Set Vn :=
∑

u∈N(rn−
√
rn)

1{mins≤rn−√
rn Xu(s)>0}1An

(
Xu(rn −√

rn)
)

1Dn,u . By Lemma 2.1 and the

fact that An ⊂ (0,∞), Vn ≤
∑

u∈N(rn−
√
rn)

1(0,∞)(Xu(rn −√
rn)), we have

Mn,v = ern−
√
rnEXv(

√
rn)

(
1{mins≤rn−√

rn Xξ(s)>0}1An (Xξ(rn −
√
rn)) 1Dn,ξrn−√

rn
V ℓ−1
n

)
≤ ern−

√
rnEXv(

√
rn)

1Dn,ξrn−√
rn

1{Xξ(rn−
√
rn)>0}

 ∑
u∈N(rn−

√
rn)

1{Xu(rn−
√
rn)>0}

ℓ−1
 .(3.23)

Given Xξ, di and Oi, by the Markov property and the inequality (
∑n

i=1 xi)
p ≤

∑n
i=1 x

p
i for all xi ≥ 0

and p ∈ (0, 1), it holds that

1{
Dn,ξrn−√

rn

}EXv(
√
rn)


 ∑

u∈N(rn−
√
rn)

1{Xu(rn−
√
rn)>0}

ℓ−1 ∣∣Xξ, di, Oi : i ≥ 1


≤ 1{

Dn,ξrn−√
rn

} ∑
i:di<rn−

√
rn

(Oi − 1)EXξ(di)


 ∑

u∈N(z)

1{Xu(rn−
√
rn)>0}

ℓ−1
∣∣z=rn−

√
rn−di

≤ ec0
√
rn

∑
i:di<rn−

√
rn

EXξ(di)

 ∑
u∈N(z)

1{Xu(rn−
√
rn)>0}

ℓ−1 ∣∣
z=rn−

√
rn−di

, (3.24)
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where in the last inequality, we used the fact that, on the event Dn,ξrn−√
rn

, Oi − 1 ≤ ec0
√
rn and

the fact that E(|X|p) ≤ E(|X|)p for p ∈ (0, 1). Note that by Lemma 2.1 and Lemma 2.4 (iii),

Ex

 ∑
u∈N(z)

1{Xu(rn−
√
rn)>0}

 ≤ e(1−
θ2

2
)zeθx.

Using the fact that di are the atoms of a Poisson process with rate 2, taking expectation with
respect to PXv(

√
rn) (·|Xξ) in (3.24), we get that

EXv(
√
rn)

1{
Dn,ξrn−√

rn

}
 ∑

u∈N(rn−
√
rn)

1{Xu(rn−
√
rn)>0}

ℓ−1 ∣∣Xξ


≤ 2ec0

√
rn

∫ rn−
√
rn

0
eθ(ℓ−1)Xξ(s)e(1−

θ2

2
)(ℓ−1)(rn−

√
rn−s)ds. (3.25)

Combining (3.23) and (3.25), noting that Xξ(s) under Px is a standard Brownian motion with drift
−θ, and applying Lemma 2.4(iii), we conclude that

Mn,v ≲ ern−
√
rnEXv(

√
rn)

(
ec0

√
rn1{Xξ(rn−

√
rn)>0}

∫ rn−
√
rn

0
eθ(ℓ−1)Xξ(s)e(1−

θ2

2
)(ℓ−1)(rn−

√
rn−s)ds

)

= ern−
√
rnec0

√
rn

∫ rn−
√
rn

0
Π−θ

Xv(
√
rn)

(
eθ(ℓ−1)BsΠ−θ

Bs

(
Brn−

√
rn−s > 0

))
e(1−

θ2

2
)(ℓ−1)(rn−

√
rn−s)ds

≤ ern−
√
rnec0

√
rn

∫ rn−
√
rn

0
Π−θ

Xv(
√
rn)

(
eℓθBs

)
e−

θ2

2
(rn−

√
rn−s)e(1−

θ2

2
)(ℓ−1)(rn−

√
rn−s)ds.

Using elementary calculus in the last integral, we get

Mn,v ≲ eℓθXv(
√
rn)eℓ(1−

θ2

2
)(rn−

√
rn)ec0

√
rn

∫ rn−
√
rn

0
e−s(ℓ−1)(1− θ2

2
−(ℓ−1) θ

2

2
)ds

≲ eℓθXv(
√
rn)eℓ(1−

θ2

2
)(rn−

√
rn)ec0

√
rn .

Plugging this upper-bound into (3.22), we obtain that

r
ℓ(m+bθ)
n

eℓ(1−
θ2

2
)rn

Ex

(∣∣∣Z(0,∞),G
rn (An) − Ex

(
Z(0,∞),G
rn (An)

∣∣F√
rn

)∣∣∣ℓ ∣∣∣∣F√
rn

)
≲

r
ℓ(m+bθ)
n

eℓ(1−
θ2

2
)rn

∑
v∈N(

√
rn)

eθℓXv(
√
rn)eℓ(1−

θ2

2
)(rn−

√
rn)ec0

√
rn

=
r
ℓ(m+bθ)
n ec0

√
rn

eℓ(1−
θ2

2
)
√
rn

∑
v∈N(

√
rn)

eθℓXv(
√
rn). (3.26)

Taking expectation in (3.26) with respect to Px, and using Lemma 2.1, we get

r
ℓ(m+bθ)
n

eℓ(1−
θ2

2
)rn

Ex

(∣∣∣Z(0,∞),G
rn (An) − Ex

(
Z(0,∞),G
rn (An)

∣∣F√
rn

)∣∣∣ℓ)
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≲
r
ℓ(m+bθ)
n ec0

√
rn

eℓ(1−
θ2

2
)
√
rn

Ex

 ∑
v∈N(

√
rn)

eθℓXv(
√
rn)

 =
r
ℓ(m+bθ)
n ec0

√
rn

eℓ(1−
θ2

2
)
√
rn

e
√
rnEx

(
eθℓXξ(

√
rn)
)

= rℓ(m+bθ)
n eθℓxe−((ℓ−1)(1− θ2ℓ

2
)−c0)

√
rn . (3.27)

Step 3: Fix c0 ∈ (0, (ℓ− 1)(1 − θ2ℓ
2 )) and set c1 := ((ℓ− 1)(1 − θ2ℓ

2 ) − c0)/ℓ > 0. Using (3.14)

with X = Z
(0,∞)
rn (An) and Y = Z

(0,∞),G
rn (An), we have

Ex

(
rmn

r−bθ
n e(1−

θ2

2
)rn

∣∣∣Z(0,∞)
rn (An) − Ex

(
Z(0,∞)
rn (An)

∣∣F√
rn

)∣∣∣)

≤ 2
rm+bθ
n

e(1−
θ2

2
)rn

Ex

(
Z(0,∞)
rn (An) − Z(0,∞),G

rn (An)
)

+

(
r
ℓ(m+bθ)
n

eℓ(1−
θ2

2
)rn

Ex

(∣∣∣Z(0,∞),G
rn (An) − Ex

(
Z(0,∞),G
rn (An)

∣∣F√
rn

)∣∣∣ℓ))1/ℓ

≲
1

r
(λ−1−2m)/2
n

+ r(m+bθ)
n e−c1

√
rn =

1

n(λ−1−2m)/(2κ)
+ n(m+bθ)/κe−c1n1/(2κ)

,

where in the last inequality, we used (3.21) and (3.27). Since λ > 2m + 2κ + 1, we conclude that
for any ε > 0,

∞∑
n=1

Px

(
rmn

r−bθ
n e(1−

θ2

2
)rn

∣∣∣Z(0,∞)
rn (An) − Ex

(
Z(0,∞)
rn (An)

∣∣F√
rn

)∣∣∣ > ε

)

≲
∞∑
n=1

(
1

n(λ−1−2m)/(2κ)
+ n(m+bθ)/κe−c1n1/(2κ)

)
< ∞,

which completes the proof of the Lemma. 2

Proposition 3.3 Let x > 0. For any given m ∈ N and κ > 2m + 1, if (1.3) holds for some
λ > 2m + 2κ + 2, then (i) for any θ ∈ (0,

√
2), x > 0 and Borel set A ⊂ (0,∞), Px-almost surely,

as n → ∞,

Z
(0,∞)
rn (A)

r
−3/2
n e(1−

θ2

2
)rn

= −
√

2

π

m∑
ℓ=0

H2ℓ+2(0)

rℓn

ℓ∑
k=0

M
(2k+1,θ)
∞

(2k + 1)!(2ℓ− 2k + 1)!

∫
A
z2ℓ−2k+1e−θzdz + o(r−m

n );

(ii) for any bounded Borel set A ⊂ (0,∞), Px-almost surely, as n → ∞,

Z
(0,∞)
rn (A)

r
−3/2
n ern

= −
√

2

π

m∑
ℓ=0

H2ℓ+2(0)

rℓn

ℓ∑
k=0

M
(2k+1,0)
∞

(2k + 1)!(2ℓ− 2k + 1)!

∫
A
z2ℓ−2k+1dz + o(r−m

n );

(iii) for any a ≥ 0, Px-almost surely, as n → ∞,

Z
(0,∞)
rn ((a,∞))

r
−1/2
n ern

=

√
2

π

m∑
ℓ=0

H2ℓ(0)

rℓn

ℓ∑
k=0

M
(2k+1,0)
∞

(2k + 1)!(2ℓ− 2k)!
a2ℓ−2k + o(r−m

n ).
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Proof: Suppose x > 0,m ∈ N, κ > 2m + 1 and (1.3) holds with λ > 2m + 2κ + 2 > 2m + κ + 1.
First using Lemma 3.2 and then the Markov property, we get that for any Borel set A ⊂ (0,∞),

Px-almost surely,

Z
(0,∞)
rn (A)

r−bθ
n e(1−

θ2

2
)rn

= o(r−m
n ) +

Ex

(
Z

(0,∞)
rn (A)

∣∣∣F√
rn

)
r−bθ
n e(1−

θ2

2
)rn

= o(r−m
n ) +

∑
v∈N(

√
rn)

1{mins≤√
rn Xv(s)>0}

r−bθ
n e(1−

θ2

2
)rn

EXv(
√
rn)

(
Z

(0,∞)
rn−

√
rn

(A)
)

= o(r−m
n ) +

∑
v∈N(

√
rn)

1{mins≤√
rn Xv(s)>0}

r−bθ
n e(1−

θ2

2
)rn

× ern−
√
rnΠ−θ

Xv(
√
rn)

(
1{mins≤rn−√

rn Bs>0}1A(Brn−
√
rn)
)
,

where in the last equality we used Lemma 2.1. Let K := 2m/κ + 3 and fix a sufficient small ε > 0
such that

K(1 − ε) >
2m + 1

κ
+ 2. (3.28)

Step 1: In this step, we prove that Px-almost surely,

Z
(0,∞)
rn (A)

r−bθ
n e(1−

θ2

2
)rn

= o(r−m
n ) +

∑
v∈N(

√
rn)

1{mins≤√
rn Xv(s)>0}

r−bθ
n e(1−

θ2

2
)rn

1{Xv(
√
rn)≤

√
K
√
rn logn}

× ern−
√
rnΠ−θ

Xv(
√
rn)

(
1{mins≤rn−√

rn Bs>0}1A(Brn−
√
rn)
)
. (3.29)

Using Lemma 2.4 (i) (ii) first, and then Lemma 2.1, we get

∞∑
n=2

rmn Ex

( ∑
v∈N(

√
rn)

1{mins≤√
rn Xv(s)>0}

r−bθ
n e(1−

θ2

2
)rn

1{Xv(
√
rn)>

√
K
√
rn logn}

× ern−
√
rnΠ−θ

Xv(
√
rn)

(
1{mins≤rn−√

rn Bs>0}1A(Brn−
√
rn)
))

≲
∞∑
n=2

rmn Ex

( ∑
v∈N(

√
rn)

1{mins≤√
rn Xv(s)>0}

r−bθ
n e(1−

θ2

2
)rn

1{Xv(
√
rn)>

√
K
√
rn logn}

×Xv(
√
rn)eθXv(

√
rn) e

(1− θ2

2
)(rn−

√
rn)

(rn −√
rn)bθ

)

=
∞∑
n=2

rmn rbθn e
θ2

2

√
rn(

rn −√
rn
)bθ Ex

(
1{mins≤√

rn Xξ(s)>0}1{Xξ(
√
rn)>

√
K
√
rn logn}Xξ(

√
rn)eθXξ(

√
rn)

)
. (3.30)

Recall that (Xξ(t),Px) is equal in law to a standard Brownian motion with drift −θ. By Lemma
2.3 (i), recalling the choice of ε in (3.28), the left-hand side of (3.30) is bounded from above by

∞∑
n=2

rmn rbθn(
rn −√

rn
)bθ xeθxΠ↑

x

(
B√

rn >
√
K
√
rn log n

)
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≤ xeθx
∞∑
n=2

rmn rbθn(
rn −√

rn
)bθ 1

nK(1−ε)/2
Π↑

x

(
e(1−ε)(B√

rn)
2
/(2

√
rn)
)
, (3.31)

where in the last inequality we used the Markov inequality. Using Lemma 2.3 (ii), we get

Π↑
x

(
e(1−ε)(B√

rn)
2
/(2

√
rn)
)

=

∫ ∞

0
e(1−ε)y2/(2

√
rn)p↑√rn

(x, y)dy

≲
∫ ∞

0
e(1−ε)y2/(2

√
rn) y2

r
3/4
n

e−(x−y)2/(2
√
rn)dy =

∫ ∞

0
e(1−ε)y2/2y2e−(xr

−1/4
n −y)2/2dy ≲ 1. (3.32)

Combining (3.31), (3.32) and the fact that rn(rn −√
rn)−1 ≲ 1, we obtain

∞∑
n=2

rmn Ex

( ∑
v∈N(

√
rn)

1{mins≤√
rn Xv(s)>0}

r−bθ
n e(1−

θ2

2
)rn

1{Xv(
√
rn)>

√
K
√
rn logn}

× ern−
√
rnΠ−θ

Xv(
√
rn)

(
1{mins≤rn−√

rn Bs>0}1A(Brn−
√
rn)
))

≲
∞∑
n=2

rmn
nK(1−ε)/2

=

∞∑
n=2

nm/κ

nK(1−ε)/2
< ∞,

which implies that Px-almost surely,

rmn
∑

v∈N(
√
rn)

1{mins≤√
rn Xv(s)>0}

r−bθ
n e(1−

θ2

2
)rn

1{Xv(
√
rn)>

√
K
√
rn logn}

× ern−
√
rnΠ−θ

Xv(
√
rn)

(
1{mins≤rn−√

rn Bs>0}1A(Brn−
√
rn)
)

n→∞−→ 0,

and thus (3.29) holds.
Step 2: In this step, we prove (i) and (ii). Recall that when θ ∈ (0,

√
2), or θ = 0 and

sup{y : y ∈ A} < ∞, bθ = 3/2. In this case, let J := 2m + 2κ + 2 > 2m + Kκ+1
2 . By using Lemma

2.3 (i) in the first two equalities below, Lemma 2.8 in the third, we get

Z
(0,∞)
rn (A)

r
−3/2
n e(1−

θ2

2
)rn

= o(r−m
n ) +

∑
v∈N(

√
rn)

1{mins≤√
rn Xv(s)>0}

r
−3/2
n e(1−

θ2

2
)
√
rn

Xv(
√
rn)eθXv(

√
rn)1{Xv(

√
rn)≤

√
K
√
rn logn}

× Π↑
Xv(

√
rn)

(
1A(Brn−

√
rn)

Brn−
√
rne

θBrn−√
rn

)

= o(r−m
n ) +

∑
v∈N(

√
rn)

1{mins≤√
rn Xv(s)>0}

e(1−
θ2

2
)
√
rn

eθXv(
√
rn)1{Xv(

√
rn)≤

√
K
√
rn logn}

×
∫
A

r
3/2
n

eθz
√
rn −√

rn

(
ϕ

(
z −Xv(

√
rn)√

rn −√
rn

)
− ϕ

(
z + Xv(

√
rn)√

rn −√
rn

))
dz

= o(r−m
n ) +

∑
v∈N(

√
rn)

1{mins≤√
rn Xv(s)>0}

e(1−
θ2

2
)
√
rn

eθXv(
√
rn)1{Xv(

√
rn)≤

√
K
√
rn logn}

∫
A
rne

−θz
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×

(
2ϕ

(
z

√
rn

) J∑
k=0

1

(2k + 1)!

1

r
(2k+1)/2
n

H2k+1

(
z

√
rn

)
r(2k+1)/4
n H2k+1

(
Xv(

√
rn)

r
1/4
n

)
+ εm,v,z,n

)
dz,

where the error term εm,v,z,n satisfies that

rm+1
n sup

z>0
sup

v∈N(
√
rn)

|εm,v,z,n| 1{Xv(
√
rn)≤

√
K
√
rn logn}

n→∞−→ 0, Px-a.s.

Noticing that e−(1− θ2

2
)t∑

v∈N(t) e
θXv(t) is a non-negative martingale, and that

∫
A e−θzdz < ∞ when

θ > 0, or θ = 0 and sup{y : y ∈ A} < ∞, we get

rmn
∑

v∈N(
√
rn)

1{mins≤√
rn Xv(s)>0}

e(1−
θ2

2
)
√
rn

eθXv(
√
rn)1{Xv(

√
rn)≤

√
K
√
rn logn}

∫
A
rne

−θz |εm,v,z,n|dz

≤
(
e−(1− θ2

2
)
√
rn

∑
v∈N(

√
rn)

eθXv(
√
rn)
)(∫

A
e−θzdz

)
× rm+1

n sup
z>0

sup
v∈N(

√
rn)

|εm,v,z,n| 1{Xv(
√
rn)≤

√
K
√
rn logn}

n→∞−→ 0, a.s.

Therefore, Px-almost surely,

Z
(0,∞)
rn (A)

r
−3/2
n e(1−

θ2

2
)rn

= o(r−m
n ) +

∑
v∈N(

√
rn)

1{mins≤√
rn Xv(s)>0}

e(1−
θ2

2
)
√
rn

eθXv(
√
rn)1{Xv(

√
rn)≤

√
K
√
rn logn}

∫
A
rne

−θz

× 2ϕ

(
z

√
rn

) J∑
k=0

1

(2k + 1)!

1

r
(2k+1)/2
n

H2k+1

(
z

√
rn

)
r(2k+1)/4
n H2k+1

(
Xv(

√
rn)

r
1/4
n

)
dz

= o(r−m
n ) + 2

J∑
k=0

∑
v∈N(

√
rn)

1{mins≤√
rn Xv(s)>0}

e(1−
θ2

2
)
√
rn

eθXv(
√
rn)r(2k+1)/4

n H2k+1

(
Xv(

√
rn)

r
1/4
n

)

× 1{Xv(
√
rn)≤

√
K
√
rn logn}

∫
A
e−θzϕ

(
z

√
rn

)
1

(2k + 1)!

1

r
(2k−1)/2
n

H2k+1

(
z

√
rn

)
dz. (3.33)

Now we show that we can drop the indicator function from the last line above. Note that for all
0 ≤ k ≤ J , applying Lemma 2.5(ii) and the inequality∫

A
e−θzϕ

(
z

√
rn

) ∣∣∣∣H2k+1

(
z

√
rn

)∣∣∣∣dz ≲
∫
A
e−θzdz < ∞

first and then Lemma 2.1, we get that

∞∑
n=2

rmn Ex

( ∑
v∈N(

√
rn)

1{mins≤√
rn Xv(s)>0}

e(1−
θ2

2
)
√
rn

eθXv(
√
rn)

∣∣∣∣∣r(2k+1)/4
n H2k+1

(
Xv(

√
rn)

r
1/4
n

)∣∣∣∣∣
× 1{Xv(

√
rn)>

√
K
√
rn logn}

∫
A
e−θzϕ

(
z

√
rn

)
1

(2k + 1)!

1

r
(2k−1)/2
n

∣∣∣∣H2k+1

(
z

√
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)∣∣∣∣)dz)
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≲
∞∑
n=2

rmn Ex

( ∑
v∈N(

√
rn)

1{mins≤√
rn Xv(s)>0}

e(1−
θ2

2
)
√
rn

eθXv(
√
rn)r(2k+1)/4

n

∣∣∣∣∣Xv(
√
rn)

r
1/4
n

∣∣∣∣∣
2k+1

+

∣∣∣∣∣Xv(
√
rn)

r
1/4
n

∣∣∣∣∣


× 1

r
(2k−1)/2
n

1{Xv(
√
rn)>

√
K
√
rn logn}

)

=
∞∑
n=2

rmn e
θ2

2

√
rn

r
(2k−1)/2
n

Ex

(
1{mins≤√

rn Xξ(s)>0}Xξ(
√
rn)eθXξ(

√
rn)

×
(
Xξ(

√
rn)2k + rk/2n

)
1{Xξ(

√
rn)>

√
K
√
rn logn}

)
. (3.34)

Recalling the choice of ε in (3.28). By Lemma 2.3, the right-hand side of (3.34) is equal to

∞∑
n=2

rmn

r
(2k−1)/2
n

xeθxΠ↑
x

((
B2k√

rn
+ rk/2n

)
1{B√

rn>
√

K
√
rn logn}

)
≤

∞∑
n=2

rmn

r
(2k−1)/2
n n(1−ε)K/2

xeθxΠ↑
x

((
B2k√

rn
+ rk/2n

)
e(1−ε)(B√

rn )
2/(2

√
rn)
)

≲
∞∑
n=2

rmn

r
(2k−1)/2
n n(1−ε)K/2

∫ ∞

0

y2

r
3/4
n

e−(x−y)2/(2
√
rn)
(
y2k + rk/2n

)
e(1−ε)y2/(2

√
rn)dy

=
∞∑
n=2

rmn r
k/2
n

r
(2k−1)/2
n n(1−ε)K/2

∫ ∞

0
y2e−(xr

−1/4
n −y)2/2

(
y2k + 1

)
e(1−ε)y2/2dy

≤
∞∑
n=2

n(2m+1)/(2κ)

n(1−ε)K/2

∫ ∞

0
y2e−(xr

−1/4
n −y)2/2

(
y2k + 1

)
e(1−ε)y2/2dy, (3.35)

which is summable. Hence, combining (3.34) and (3.35), we conclude that for all 0 ≤ k ≤ J, almost
surely,

rmn
∑

v∈N(
√
rn)

1{mins≤√
rn Xv(s)>0}

e(1−
θ2

2
)
√
rn

eθXv(
√
rn)

∣∣∣∣∣r(2k+1)/4
n H2k+1

(
Xv(

√
rn)

r
1/4
n

)∣∣∣∣∣ 1{Xv(
√
rn)>

√
K
√
rn logn}

×
∫
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e−θzϕ

(
z

√
rn

)
1

(2k + 1)!

1

r
(2k−1)/2
n

∣∣∣∣H2k+1

(
z

√
rn

)∣∣∣∣ dz n→∞−→ 0.

Plugging this back to (3.33) and recalling the definition of the martingales in (1.4), we obtain that

Z
(0,∞)
rn (A)

r
−3/2
n e(1−

θ2

2
)rn

= o(r−m
n )

+ 2

J∑
k=0

M
(2k+1,θ)√
rn

∫
A
e−θzϕ

(
z

√
rn

)
1

(2k + 1)!

1

r
(2k−1)/2
n

H2k+1

(
z

√
rn

)
dz. (3.36)

For all m+ 1 ≤ k ≤ J = 2m+ 2κ+ 2, we have λ > J ≥ k. Therefore, for all m+ 1 ≤ k ≤ J , by
Lemma 2.5 (ii), Proposition 3.1(ii) and the fact that ϕ(y)|H2k+1(y)| ≲ ϕ(y)|y|(|y|2k + 1) ≲ |y|,∣∣∣M (2k+1,θ)√

rn

∣∣∣ ∫
A
e−θzϕ

(
z

√
rn

)
1

(2k + 1)!

1

r
(2k−1)/2
n

∣∣∣∣H2k+1

(
z

√
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)∣∣∣∣dz
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≲
∣∣∣M (2k+1,θ)√

rn

∣∣∣ ∫
A
e−θz 1

r
(2k−1)/2
n

z
√
rn

dz =

∣∣∣M (2k+1,θ)√
rn

∣∣∣
rkn

∫
A
ze−θzdz = o(r−m

n ). (3.37)

Combining (3.36) and (3.37), we get that

Z
(0,∞)
rn (A)

r
−3/2
n e(1−

θ2

2
)rn

= o(r−m
n )

+ 2
m∑
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√
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)
1

(2k + 1)!

1
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(2k−1)/2
n

H2k+1

(
z

√
rn

)
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Noticing that λ > 2m, let η := (λ− 2m)/2 < λ− 2m. By Proposition 3.1(ii), similar to (3.37), for
all 0 ≤ k ≤ m,∣∣∣M (2k+1,θ)√

rn
−M (2k+1,θ)

∞

∣∣∣ ∫
A
e−θzϕ
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z

√
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1

(2k + 1)!
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z

√
rn

)∣∣∣∣dz
≲
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∣∣∣
rkn

∫
A
ze−θzdz = o(

√
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−(λ−k)+ηr−k
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n r
− k

2
n ) = o(r−m

n ). (3.38)

Since λ > 2m + 2κ + 2, we have

Z
(0,∞)
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r
−3/2
n e(1−

θ2

2
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= o(r−m
n )
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∞
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√
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z

√
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By (2.5) and Lemma 2.5(i), for any 0 ≤ k ≤ m and x > 0, there exists ξ ∈ (0, x) such that

ϕ(x)H2k+1(x) =
2m+1∑
j=0

dj

dxj
(ϕH2k+1) (0)

xj

j!
+
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where in the second equality we use the property that H2ℓ+1(0) = 0. Therefore,
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which completes the proof of (i) and (ii).
Step 3: In this step, we prove (iii). Recall that when θ = 0 and A = (a,∞), bθ = 1/2. By

(3.29) and Lemma 2.3 (i),
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√
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rn Bs>0}1(a,∞)(Brn−
√
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rn Xv(s)>0}

r
−1/2
n ern

1{Xv(
√
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√
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√
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√
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∫ ∞

a
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(
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√
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√
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r
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√
rn

1{Xv(
√
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√
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(
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√
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rn

)
− Φ

(
a−Xv(

√
rn)√

rn −√
rn

))
.

Put J := 2m + 2κ + 1 > 2m + Kκ−1
2 . By Lemma 2.7, it holds that

Z
(0,∞)
rn ((a,∞))

r
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n ern

= o(r−m
n ) +

∑
v∈N(

√
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√
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√
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√
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a
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) J∑
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1
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1

r
(2k+1)/2
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H2k
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a

√
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)
r(2k+1)/4
n H2k+1

(
Xu(

√
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r
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)
+ εm,v,a,n

)
.

where the error term εm,v,a,n satisfies that
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n sup

a>0
sup

v∈N(
√
rn)

|εm,v,a,n| 1{Xv(
√
rn)≤

√
K
√
rn logn}

n→∞−→ 0, Px-a.s.

Using the fact that e−t
∑

v∈N(t) 1 is a non-negative martingale, we have
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∑
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√
rn)

1{mins≤√
rn Xv(s)>0}

r
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√
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1{Xv(
√
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√
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√
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√
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√
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√
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√
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√
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Therefore,

Z
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r
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v∈N(

√
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e
√
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√
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√
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× ϕ
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a

√
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1
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1
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(
a

√
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)
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√
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r
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n

)
. (3.39)
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Similar to the argument leading to (3.34), for each 0 ≤ k ≤ J , applying Lemma 2.5 first, then
Lemma 2.1 and Lemma 2.3(i) at last, we also have that

∞∑
n=1

rmn Ex

( ∑
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√
rn)
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rn Xv(s)>0}

e
√
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1{Xv(
√
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√
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√
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× ϕ
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a

√
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)
1
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∣∣∣∣H2k

(
a

√
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√
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r
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)
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√
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rn Xv(s)>0}

e
√
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√
rn)>

√
K
√
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√
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√
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√
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√
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√
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√
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√
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∞∑
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x

(
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√

K
√
rn logn}
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B√
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)2k
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))
< ∞,

where the last inequality follows from (3.35). Therefore, for 0 ≤ k ≤ J , Px-a.s.,

rmn
∑

v∈N(
√
rn)

1{mins≤√
rn Xv(s)>0}

e
√
rn

1{Xv(
√
rn)>

√
K
√
rn logn}

× ϕ

(
a

√
rn

)
1

rkn
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(
a

√
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n H2k+1

(
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√
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r
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n
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Plugging this back to (3.39), we finally get that

Z
(0,∞)
rn ((a,∞))

r
−1/2
n ern

= o(r−m
n ) + 2

∑
v∈N(

√
rn)
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rn Xv(s)>0}

e
√
rn

× ϕ

(
a

√
rn

) J∑
k=0

1

(2k + 1)!

1
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H2k

(
a

√
rn

)
r(2k+1)/4
n H2k+1

(
Xu(

√
rn)

r
1/4
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)

= o(r−m
n ) + 2ϕ

(
a

√
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) J∑
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1
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1

rkn
H2k

(
a

√
rn

)
M

(2k+1,0)√
rn

, (3.40)

with M
(2k+1,0)
t given in (1.4). Using the same argument as (3.37) and (3.38), also noting that

λ > J = 2m + 2κ + 1, Proposition 3.1 (ii) and (3.40) imply that

Z
(0,∞)
rn ((a,∞))

r
−1/2
n ern

= o(r−m
n ) + 2ϕ

(
a

√
rn

) m∑
k=0

1

(2k + 1)!

1

rkn
H2k

(
a

√
rn

)
M (2k+1,0)

∞ .

The remaining part is similar to the end of Step 2 we omit the details here. The proof of (iii) is
complete. 2
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3.3 From discrete time to continuous time

Lemma 3.4 Let x > 0 and θ ∈ [0,
√

2). For any given m ∈ N, if κ > 2m + 2 and (1.3) holds for
λ > 2m + 2κ + 2, then for any interval J ⊂ (0,∞), it holds that

lim inf
n→∞

rmn inf
t∈(rn,rn+1)

Z
(0,∞)
t (J) − Z

(0,∞)
rn (J)

r
−3/2
n e(1−

θ2

2
)rn

≥ 0, Px-a.s.

Proof: Suppose x > 0, m ∈ N, κ > 2m + 2 and that (1.3) holds for λ > 2m + 2κ + 2.
Step 1: Define εn :=

√
rn+1 − rn, by the mean value theorem,

√
rnεn =

√
n1/κ

(
(n + 1)1/κ − n1/κ

) ∃ξ∈[n,n+1]
=

√
n1/κ

κ
ξ(−κ+1)/κ ≲ n(−κ+2)/(2κ) → 0.

For any η < |J |/2, define
Jη := {y ∈ J : dist(y, Jc) ≥ η}.

For u ∈ N(rn), let Gu be the event that u does not split before rn+1 and that maxs∈(rn,rn+1) |Xu(s)−
Xu(rn)| ≤ √

rnεn. When n is large enough so that ηn :=
√
rnεn < |J |/2, for u ∈ N(rn), on the

event Gu, for t ∈ (rn, rn+1), it must hold that

{Xu(rn) ∈ Jηn} ⊂ {Xu(s) ∈ J, ∀s ∈ (rn, rn+1)} ⊂ {Xu(t) ∈ J} ∩ {Xu(s) > 0,∀s ∈ (rn, t]}.

Therefore, for t ∈ (rn, rn+1), by the branching property,

rmn
Z

(0,∞)
t (J)

r
−3/2
n e(1−
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2
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=
r
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2
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2
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∑
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∑
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1{mins<t−rn Xv(rn+s)>0}1{Xv(t)∈J}

≥ r
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2
n
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2
)rn

∑
u∈N(rn)

1{mins≤rn Xu(s)>0}1{Xu(rn)∈Jηn}1Gu =: In + IIn. (3.41)

Here In and IIn are given by

In :=
r
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2
n

e(1−
θ2

2
)rn

∑
u∈N(rn)

1{mins≤rn Xu(s)>0}1{Xu(rn)∈Jηn}
(
1Gu − Px

(
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∣∣Frn
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,
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r
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2
n
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2
)rn

∑
u∈N(rn)
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(
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)
.

We claim the following two limits hold:

sup
t∈(rn,rn+1)

|In| = |In|
n→∞−→ 0, Px-a.s. (3.42)

and
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t∈(rn,rn+1)

∣∣∣∣∣IIn − r
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2
n

Z
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2
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2
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If (3.42) and (3.43) hold, then we complete the proof of Lemma together with (3.41).
Step 2: In this step, we prove (3.43). Define

IIIn :=
r
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2
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2
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u∈N(rn)
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)
.

By Lemma 3.2 with An := J \ Jηn , as n → ∞,
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2
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2
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Z
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2
)rn

, Px-a.s. (3.44)

By the Markov property and Lemma 2.1, we get that

r
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√
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√
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(
1{mins≤rn−√
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√
rn))

)
. (3.45)

Since (Xξ(t),Px) is a standard Brownian motion with drift −θ, by Lemma 2.3(i) and (ii),
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√
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(
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√
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Combining (3.45), (3.46) and the definition of M
(1,θ)
t in (1.4), we see that

r
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2
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Z
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≲ rmn
√
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√
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(n + 1)1/κ − n1/κ

)
, (3.47)

where in the second inequality, we also used the fact that supn sup{y : y ∈ An} < ∞ and that∫
An

ye−θydy ≤ supn sup{y : y ∈ An} × |An|. Since κ > 2m + 2, the last term of (3.47) tends to 0.
Combining (3.44), (3.45) and (3.47), it holds that

|IIn − IIIn|
n→∞−→ 0, Px-a.s. (3.48)

By the Markov property and the definition of Gu,

Px

(
Gu

∣∣Frn

)
= e−(rn+1−rn)Π−θ

0

(
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√
rnεn

)
.
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Thus, we get that∣∣∣∣∣IIIn − r
m+ 3

2
n

Z
(0,∞)
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2
)rn
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√
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0
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|Bt| ≤

√
rnεn
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, (3.49)

where in the last inequality we used Proposition 3.3 (i) (iii) with m = 0. Note that under the
assumption κ > 2m + 2,
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(
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0
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√
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√
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√
rnεn − θ(rn+1 − rn)

)
= O(n−(κ−2−m)/κ) + rm+1
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(
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|Bt| >
√
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√
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)
= o(1). (3.50)

Hence, (3.43) follows according to (3.48), (3.49) and (3.50).
Step 3: In this step, we prove (3.42). Since, given Frn , {Gu : u ∈ N(rn)} are independent, we

have
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2
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2
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.

Now taking expectation with respect to Px, by Lemma 2.1 and Lemma 2.4(i)(ii), for any ε > 0,

∞∑
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∞∑
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2
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2
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2
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2
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which implies (3.42). Thus, we complete the proof of the lemma. 2

Lemma 3.5 Let x > 0 and θ ∈ [0,
√

2). For any m ∈ N, suppose that κ > 2m + 2 and (1.3) holds
with λ > 2m + 2κ + 2, then for any interval A ⊂ (0,∞), Px-almost surely,

rmn sup
t∈(rn,rn+1)
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t (A) − Z
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2
)rn

∣∣∣∣∣ n→∞−→ 0.
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Proof: Suppose x > 0,m ∈ N, and that κ > 2m + 2 and (1.3) holds with λ > 2m + 2κ + 2.
Fix θ ∈ [0,

√
2). Note that if

lim inf
n→∞

xn ≥ 0, lim inf
n→∞

yn ≥ 0, lim inf
n→∞

zn ≥ 0 and lim sup
n→∞

(xn + yn + zn) ≤ 0,

then limn→∞ xn = limn→∞ yn = limn→∞ zn = 0. Applying Lemma 3.4 with J = (a, b), [b,∞) and
(0, a], we see that to prove Lemma 3.5, only need to prove that

lim sup
n→∞

rmn sup
t∈(rn,rn+1)

Z
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t ((0,∞)) − Z

(0,∞)
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r
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2
)rn

≤ 0. a.s.

For any t ∈ (rn, rn+1), by the branching property, we see that

rmn sup
t∈(rn,rn+1)

Z
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t ((0,∞)) − Z
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rn ((0,∞))

r
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2
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2
n
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2
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u∈N(rn)
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( ∑
v∈N(t):u≤v

1 − 1
)
. (3.51)

To drop the “sup” above, we modify the branching particle system for t ∈ (rn, rn+1) such that when
a particle dies in (rn, rn+1) and it splits into L offspring, we modify the number of the offspring
with L + 1. For t ∈ (rn, rn+1), we use Ñ(t) to denote the set of the particles alive at time t in the
modified process. It is obvious that the mean of the number in the modified process is equal to∑∞

k=0(k + 1)pk = 3 and that for each u ∈ N(rn),

sup
t∈(rn,rn+1)

( ∑
v∈N(t):u≤v

1 − 1
)
≤ sup
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( ∑
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1 − 1
)

=
( ∑
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1
)
− 1.
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2
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2
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v∈Ñ(rn+1):u≤v

1.

We claim that Px almost surely,

Z̃n+1 − Ex

(
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∣∣Frn

)
→ 0. (3.52)

If the claim is true, then
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(
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)
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2
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→ 0.

Using this and (3.51), we get
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2
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where for the last limit, we used Proposition 3.3 (i) (iii) with m = 0 and the fact that rm+1
n (e2(rn+1−rn)−

1) = rm+1
n O(rn+1 − rn) = o(1) under the assumption κ > 2m+ 2. Thus the assertion of the lemma

is valid.
Now we prove the claim (3.52). We consider another branching Brownian motion with under-

lying motion according to a standard Brownian motion with drift −θ, with branching rate equal
to 1 and with offspring distribution according to Px(L̃ = k + 1) = pk for all k ∈ N, then we may
define another change-of-measure

dP̃x

dPx

∣∣∣∣
F̃t

:=

∑
u∈Ñ(t)

1

e2t
,

then a similar formula as Lemma 2.1 can be established:
For any t > 0 and u ∈ Ñ(t), let Γ(u, t) be a non-negative F̃t-measurable random variable. Then

Ex

( ∑
u∈Ñ(t)

Γ(u, t)
)

= e2tẼx (Γ(ξt, t)) . (3.53)

For w ∈ Ñ(t) with t ∈ (rn, rn+1), let d̃w, Õw denote the death time and the number of offspring of w
respectively. For v ∈ Ñ(rn+1), define B̃n,v to be the event that, for all w < v with d̃w ∈ (rn, rn+1),

it holds that Õw ≤ ec0n, where 0 < c0 < 1 − θ2

2 is fixed. Define

Z̃B
n+1 :=

r
m+ 3

2
n

e(1−
θ2

2
)rn

∑
u∈N(rn)

1{mins≤rn Xu(s)>0}
∑

v∈Ñ(rn+1):u≤v

1
B̃n,v

.

Now for v ∈ Ñ(rn+1 − rn), D̃n,v denotes the event that, for all w < v, it holds that Õw ≤ ec0n.

Let d̃i be the i-th splitting time of the spine and Õi be the number of children produced by the
spine at time d̃i. Define D̃n,ξrn+1−rn

to be the event that, for all i with d̃i < rn+1− rn, it holds that

Õi ≤ ec0n. Then by the branching property, the Markov property and (3.53), we have

Ex

(∣∣∣Z̃n+1 − Z̃B
n+1

∣∣∣ ∣∣Frn

)
=

r
m+ 3

2
n

e(1−
θ2

2
)rn

∑
u∈N(rn)

1{mins≤rn Xu(s)>0}EXu(rn)

( ∑
v∈Ñ(rn+1−rn)

1
D̃c

n,v

)

= e2(rn+1−rn) r
m+ 3

2
n

e(1−
θ2

2
)rn

∑
u∈N(rn)

1{mins≤rn Xu(s)>0}ẼXu(rn)

(
1
D̃c

n,ξrn+1−rn

)
.

Noticing that (1.3) implies Ẽx(log1+λ
+ Õ1) = Ẽ0(log1+λ

+ Õ1) < ∞, we obtain

Ex

(∣∣∣Z̃n+1 − Z̃B
n+1

∣∣∣ ∣∣Frn

)
≲

r
m+ 3

2
n

e(1−
θ2

2
)rn

∑
u∈N(rn)

1{mins≤rn Xu(s)>0}ẼXu(rn)

( ∑
i:d̃i<rn+1−rn

1{Õi>ec0n}

)

≲
r
m+ 3

2
n

e(1−
θ2

2
)rn

∑
u∈N(rn)

1{mins≤rn Xu(s)>0}
rn+1 − rn

n1+λ
.
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Now taking expectation with respect to Px, using Lemma 2.1 and Lemma 2.4(i) (ii), we get that

Ex

(∣∣∣Z̃n+1 − Z̃B
n+1

∣∣∣) ≲
rn+1 − rn

n1+λ

r
m+ 3

2
n

e(1−
θ2

2
)rn

ernPx

(
min
s≤rn

Xξ(s) > 0

)
≲ xeθx

rn+1 − rn
n1+λ

rm+1
n . (3.54)

Similarly, by the branching property and the Markov property,

Ex

(∣∣∣Z̃B
n+1 − Ex

(
Z̃B
n+1

∣∣Frn

)∣∣∣2 ∣∣Frn

)
=

r2m+3
n

e2(1−
θ2

2
)rn

∑
u∈N(rn)

1{mins≤rn Xu(s)>0}

× EXu(rn)

(( ∑
v∈Ñ(rn+1−rn)

1
D̃n,v

− EXu(rn)

( ∑
v∈Ñ(rn+1−rn)

1
D̃n,v

))2)

≤ r2m+3
n

e2(1−
θ2

2
)rn

∑
u∈N(rn)

1{mins≤rn Xu(s)>0}EXu(rn)

(( ∑
v∈Ñ(rn+1−rn)

1
D̃n,v

)2)
. (3.55)

By (3.53), we see that

EXu(rn)

(( ∑
v∈Ñ(rn+1−rn)

1
D̃n,v

)2)
= e2(rn+1−rn)ẼXu(rn)

(
1
D̃n,ξrn+1−rn

∑
v∈Ñ(rn+1−rn)

1
D̃n,v

)
≲ ẼXu(rn)

(
1
D̃n,ξrn+1−rn

∑
v∈Ñ(rn+1−rn)

1
)
.

On the set D̃n,ξrn+1−rn
, we have

ẼXu(rn)

( ∑
v∈Ñ(rn+1−rn)

1
∣∣d̃i, Õi : i ≥ 1

)
=

∑
i:d̃i<rn+1−rn

(
Õi − 1

)
e2(rn+1−rn−di)

≲ ec0n
∑

i:d̃i<rn+1−rn

1,

which implies that

ẼXu(rn)

(
1
D̃n,ξrn+1−rn

∑
v∈Ñ(rn+1−rn)

1
)
≲ ec0nẼXu(rn)

( ∑
i:d̃i<rn+1−rn

1
)
≲ ec0n(rn+1 − rn).

Therefore, plugging this upper-bound back to (3.55), we have

Ex

(∣∣∣Z̃B
n+1 − Ex

(
Z̃B
n+1

∣∣Frn

)∣∣∣2 ∣∣Frn

)
≲

r2m+3
n ec0n(rn+1 − rn)

e2(1−
θ2

2
)rn

∑
u∈N(rn)

1{mins≤rn Xu(s)>0}.

Taking expectation with respect to Px, using Lemma 2.1 and Lemma 2.4(i), we conclude that

Ex

(∣∣∣Z̃B
n+1 − Ex

(
Z̃B
n+1

∣∣Frn

)∣∣∣2) ≲
r2m+3
n ec0n(rn+1 − rn)

e2(1−
θ2

2
)rn

ernEx

(
1{mins≤rn Xξ(s)>0}

)
≲

r2m+3
n ec0n(rn+1 − rn)

e(1−
θ2

2
)rn

. (3.56)
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First using (3.14) with X = Z̃n+1, Y = Z̃B
n+1 and ℓ = 2, and then (3.54) and (3.56), we get that

∞∑
n=1

Ex

(∣∣∣Z̃n+1 − Ex

(
Z̃n+1

∣∣Frn

)∣∣∣)
≤ 2

∞∑
n=1

Ex

(∣∣∣Z̃n+1 − Z̃B
n+1

∣∣∣)+
∞∑
n=1

Ex

(∣∣∣Z̃B
n+1 − Ex

(
Z̃B
n+1

∣∣Frn

)∣∣∣2)1/2

≲
∞∑
n=1

rn+1 − rn
n1+λ

rm+1
n +

(
r2m+3
n ec0n(rn+1 − rn)

e(1−
θ2

2
)rn

)1/2
 ,

which is finite since for λ > 0 and κ > 2m + 2, (rn+1 − rn)rm+1
n = O(n(m−κ+2)/κ) = o(1) and∑∞

n=1
1

n1+λ < ∞. Then we finished the proof of the claim (3.52). 2

Proof of Theorem 1.1: For any λ > 6m + 6, we can find an appropriate κ satisfying the
conditions of Proposition 3.3 and Lemma 3.5. For instance, we can take κ := 2m + 2 + (λ− 6m−
6)/4 > 2m + 2, then

λ = 4(κ− 2m− 2) + 6m + 6 > 6m + 6 + 2(κ− 2m− 2) = 2m + 2κ + 2.

For any ℓ ∈ [0,m], since κ > 2m + 2, we have

rℓn+1 − rℓn =
ℓ

κ

∫ n+1

n
y−(κ−ℓ)/κdy ≤ m

κ
n−(κ−m)/κ = o(r−m

n ). (3.57)

For t ∈ (rn, rn+1), by Lemma 3.5 and (3.57), we get that for any a ≥ 0 and t ∈ (rn, rn+1),

Z
(0,∞)
t ((a,∞))

t−3/2e(1−
θ2

2
)t

=
r
−3/2
n

t−3/2
· e

(1− θ2

2
)rn

e(1−
θ2

2
)t

· Z
(0,∞)
t ((a,∞))

r
−3/2
n e(1−

θ2

2
)rn

=
(
1 + o(r−m

n )
)
·

(
o
(
r−m
n

)
+

Z
(0,∞)
rn ((a,∞))

r
−3/2
n e(1−

θ2

2
)rn

)

= o(r−m
n ) +

Z
(0,∞)
rn ((a,∞))

r
−3/2
n e(1−

θ2

2
)rn

.

By (3.57), we have

rmn sup
t∈(rn,rn+1)

∣∣∣∣ 1

tℓ
− 1

rℓn

∣∣∣∣ = o(1).

Combining the above with Proposition 3.3(i), we get the assertion of Theorem 1.1. 2

Proof of Theorem 1.2: The proof is similar to that of Theorem 1.1 and we omit the details.
2

Acknowledgements: We thank Zhenyao Sun for helpful discussions.

References

[1] Asmussen, S.: Convergence rates for branching processes. Ann. Probab. 4(1) (1976), 139–146.

[2] Asmussen, S. and Kaplan, N.: Branching random walks. II. Stochastic Process. Appl. 4(1) (1976) 15–31.

34



[3] Berestycki, J., Berestycki, N. and Schweinsberg, J.: Critical branching Brownian motion with absorp-
tion: particle configurations. Ann. Inst. Henri Poincaré Probab. Stat. 51(4) (2015), 1215–1250.
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