
Math 561 Midterm Test

1. (25 points) Suppose that X1, X2, . . . are uncorrelated random variables with E(Xj) = µj

and Var(Xj)/j → 0 as j → ∞. Let Sn = X1 + · · · +Xn and νn = E(Sn)/n. Show that as
n→∞,

Sn

n
− νn → 0, in probability.
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2. (25 points) Suppose that X1, X2, . . . are independent random variables. For all positive
integers m < n, let Sm,n = Xm+1 + · · ·+Xn. Show that, for any a > 0,

P( max
m<j≤n

|Sm,j| > 2a) min
m<k≤n

P (|Sk,n| ≤ a) ≤ P (|Sm,n| > a).
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3. (25 points) Suppose that X1, X2, . . . are independent and identically distributed random
variables with

P(X1 = 2j) = 2−j, j = 1, 2, . . .

Use the second Borel-Cantelli lemma to show that

lim sup
n→∞

Xn

n log2 n
=∞

almost surely.
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4. (25 points) Suppose that X1, X2, . . . are uncorrelated and identically distributed random
variables with E(X1) = 0 and E(X4

1 ) <∞. Let Sn = X1 + · · ·+Xn. Use the Borel-Cantelli
lemma to prove that Sn/n converges to 0 almost surely.
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