Math 461 Final, Spring 2005

Calculators, books, notes and extra papers are not allowed on this test!

Show all work to qualify for full credits

1. (21 points) (a) Suppose that A, As, Az and A, are independent events with P(A4;) = 1/2,
P(A3) =1/3, P(A3) =1/4 and P(A;) =1/5. Find P((A; N Ay) U (A3 N Ay)).

(b) Suppose that X and Y are independent and identically distributed random variables
with mean p and variance o2, find E[(X — 2Y)?].

(c) Suppose that X, Y and Z are independent random variables, X is Poisson with parameter
A1 = 1, Y is geometric with parameter p = 1/3, and Z is exponential with parameter Ay = 2.
Find Cov(X —2Y + Z,2X — 3Y — 2Z7).

2. (12 points) Two cards are randomly selected, without replacement, from an ordinary deck
of 52 cards. Find the probability that one of the cards is an ace and the other card is either
a 10, a jack, a queen or a king.

3. (13 points) 5 balls are randomly chosen, without replacement, from a box containing 7
red, 7 white and 7 blue balls. Find the probability that at least one of the 3 colors is missing
from the chosen balls.

4. (12 points) Box A contains 2 white and 4 red balls, whereas box B contains 1 white and
1 red ball. A ball is randomly selected from box A and put into box B, and a ball is then
randomly selected from box B. Given that a white ball is selected from box B, what is the
probability that the transfered ball was white?

5. (15 points) A box contains 12 balls, of which 4 are white and 8 are black. Three players,
A, B and C, successively draw from the box without replacement, A first, then B and then
C, then A and so on. The winner is the first one to draw a white ball. Find the probability
that A is the winner.

6. (11 points) Suppose that X is uniformly distributed in (=%, %). Find the density of the
random variable Y = tan X.

7. (12 points) Let X be a random variable whose distribution function F is given by

0, z <0,
x/4, 0<z<1,

Fz)=< (1/2)+(z—1)/4, 1<z <2,
11/12, 2<r<3
1, 3 < 7.

Find (a) P(1/2 < X <2); (b) P(1 < X <5/2); (c) P(1 < X < 2).



8. (14 points) Suppose that X; and X, are independent Poisson random variables with
parameters A; = 1 and Ay = 2 respectively. Find the probability P(X; = 40|X; + X5 = 100).

9. (15 points) The joint density of X and Y is

_Jrz+y, 0<z<],0<y<l1
flz,y) = { 0, otherwise .

Find (a) E[X]; (b) Var(X); (c) Cov(X,Y).

10. (14 points) Suppose that X and Y are independent random variables and each is uni-
formly distributed in (0,1). Find the probability P(|X — Y| > 1).

11. (14 points) Let X and Y be independent random variables each geometrically distributed
with parameter p. Put Z = min(X,Y’). For any positive integer n, find (a) P(Z < n); (b)
P(Z =n).

12. (14 points) The joint density of X and Y is given by

]2, <<y <],
f(a:,y)—{ 0, otherwise .

For y € (0,1), (a) find fxyv(zly); (b) E(X|Y =y).

13. (15 points) According to a certain survey, 10 percent of 9-th grade boys and 20 percent
of 9-th grade girls never eat breakfast. Assume that the breakfast habits of all the 9-th
graders are independent. Suppose that random samples of 400 9th grade boys and 400 9-th
grade girls are chosen. Use the central limit theorem (normal approximation) to find the
probability that at least 135 of the 800 9-th graders never eat breakfast.

14 (18 points) 8 married couples are randomly seated at a round table. Let X be the number
of married couples that are seated together. Find the expectation and variance of X. (Hint:
Write X as a sum of some simpler random variables.)



E[(X -2Y)’] = E[X?

P(A1NAy)+ P(A3NAy) — P(A1N Ay N Az N Ay)

11
23

= 5(Var(X) +

(c)

Cov(X —2Y + Z,2X — 3Y — 22)

2. The answer is

4-16

11
45

1111 5
2345 24

—4XY +4Y?| = E[X?| —4EXEY + 4E[Y?]
(EX)%) — 4(EX)? =502 + 1i*.

2Cov(X, X) +6Cov(Y,Y) — 2Cov(Z, Z)
2Var(X) + 6Var(Y) — 2Var(2)

1
2+36—§:37.5.

2-4-16

52
2

) =~ 5251 °

3. Let Ay be the event that “red is missing from the chosen balls”, A, is the event “white
is missing from the chosen balls” and Aj is the event that “blue is missing from the chosen

balls”. Then

P(A; U Ay U A3)
= P(A1) + P(Ay)

(5) G
(251> (25

)
>

—_

(A3) — P(A1 N Ag) —
(As) — P(4, N Ay) —

P(A1NA3) — P(AyN As) — P(A1 N Ay N Ajg)
P(A; N A;) — P(A2 N A;)

4. Let E be the event that “a white ball is selected from Box B” and F' be the event that

“the transfered ball is white”. Then

P(F|E) =

P(EF)

P(EF)

P(E)

~ P(EF) + P(EF?)

P(F)P(E|F)

P(F)P(E|F) + P(F°)P(E|F°)




5.For any 7 let B; be the event that the i-th picked ball is black and W; be the event that
that the i-th picked ball is white. Then the probability that A is the winner is equl to

4 8764 87 65434
P(W;) + P(ByByBsW,) + P(B,ByB3ByBsBgWy) = — + — ——— oo

12 71211109 T 1211109876

6. For any real number y, we have

1 1
P(Y <y)=P(tanX < y) = P(X < arctany) = 5 + — arctan y.
T

Thus the density of Y is given by

1 1
fY(y)_;1+y2’ —00 < Y < 00
7. PE<X<2)=F@2-)-F@3i-)=5+1-%t=2
b) PA<X <3 =F3) -F(l-)=H-i=3%
() PA<X<2)=F2-1)-FQ1)=3+1—3=1.
8.
P(X1 - 40,X1 +X2 - 100) P(X1 - 40,X2 - 60)
P(X;{ =40|X;+ X, =100) = =
( 1 ‘ 1+ X9 ) P(X1+X2:1()(]) P(X1+X2:100)
P(X, = 40)P(X; = 60) _ e~ g "%y
= ~ 23100
P(X, + X, = 100) o33
_ 100 140 g>60
o\ 40 (3) (3 '
9. (a)
1 1 11 y 1 1 7
EX_/O /0 x(x+y)d:cdy—/0(§+§)dy_§+z_ﬁ
(b) 1orl 11 1 1 5
EX2:// 2 dd/— gd:_ — =
(X7 = ) ), P @ty)dady | (T +3)dy=7+ 5=
therefore Var(X) = 2 — (5)? = 4.
(C) 1 1 1 2
y .y 1 1 1
EXY:// :/__ ..t
[XY]= | | aylety)dedy= | (T+F)dy=c+2=7

therefore Cov(X,Y) = 3 — (5)? — -

10. By geometric considerations we can easily get that

1 1
P(X-Y|>-)=-.
(1X-Y]>3) =+



11. (a) For any positive integer n,
Pmin(X,Y) > 2)=P(X >n,Y >n)=P(X >n)P(Y >n) = (1 —p)*,

and so
P(min(X,Y) <n)=1-(1-p)*™

Therefore min(X,Y) is a geometric random variable with parameter 1 — (1 — p)* = 2p — p°.
(b) For any positive integer n, P(min(X,Y) = n) = (1 — p)2"~Y(2p — p?).

12. (a) For y € (0,1),
y
fr(y) = /0 2dz = 2y,

and so
1)y, 0<z<y<l1

0, otherwise

fxy(zly) = {
(b) E(XY =y)=1%.

13. Let X be the number of boys among the 400 9-th grade boys who never eats breakfast,
Y be the number of girls among the 400 9-th grade girls who never eats breakfast. Then
X and Y are independent. By the central limit theorem, we know that X is approximately
normal with mean 40 and variance 36, and that Y is approximately normal with mean 80
and variance 64. Thus X + Y is approximately normal with mean 120 and variance 100.
Therefore

X+Y —-120 S 14.5

P(X+Y >135)=P(X +Y >1345) = P( 10 Z 70

) =1— ®(1.45) = .0735.

14. For+ =1,...,8, let X; equal to 1 if the i-th couple are seated together and X; = 0
otherwise. Then Y% | X; is the number of couples that are seated together. For any i =
1,...,8, we have P(X —i=1) =2/15, thus

2 2 2
EX;, = = X)=—(1-=
i= g Var(Xp) = o

For ¢ # j, we have

Thus we have - ™
Cov(X,, X;) = ( ) .

1514 \15
Consequently
8 2 16
E() X;))=8—=—
(z:Z1 ) 15 15
and

8 2 2 9 92 2\2



